
Why DependentTypesMatter

ThorstenAltenkirch ConorMcBride

TheUniversityof Nottingham
f txa,ctmg@cs.nott.ac.uk

JamesMcKinna

TheUniversityof StAndrews
james.mckinna@st-andrews.ac.uk

Abstract

We exhibit the rationalebehind the designof Epigram, a dependentlytyped programminglanguageand
interactive programdevelopmentsystem,using re�nements of a well known program—merge sort—asa
runningexample.We discussits relationshipwith otherproposalsto introduceaspectsof dependenttypesinto
functionalprogramminglanguagesandsketchsometopicsfor furtherwork in thisarea.

1. Intr oduction

Typesmatter. That's what they're for—to classifydatawith respectto criteriawhich matter:how they should
bestoredin memory, whetherthey canbesafelypassedasinputsto a givenoperation,evenwho is allowedto
seethem.Dependenttypesaretypesexpressedin termsof data,explicitly relatingtheir inhabitantsto thatdata.
As such,they enableyou to expressmoreof whatmattersaboutdata.While conventionaltypesystemsallow
usto validateour programswith respectto a �x edsetof criteria,dependenttypesaremuchmore�e xible, they
realizea continuumof precisionfrom thebasicassertionswe areusedto expectfrom typesup to a complete
speci�cationof theprogram's behaviour. It is theprogrammer's choiceto whatdegreehewantsto exploit the
expressivenessof sucha powerful typediscipline.While thepricefor formally certi�ed softwaremaybehigh,
it is good to know that we canpay it in installmentsandthat we are free to decidehow far we want to go.
Dependenttypesreducecerti�cation to typechecking,hencethey provide a meansto convinceothersthat the
assertionswe make aboutour programsarecorrect.Dependentlytypedprogramsare,by their nature,proof
carryingcode[NL96, HST+ 03].

Functionalprogrammershavestartedto incorporatemany aspectsof dependenttypesinto novel typesystems
usinggeneralizedalgebraic datatypesandsingletontypes. Indeed,weshareSheard'svision[She04] of closing
the semanticgap betweenprogramsand their properties.While Sheard's language
 mega approachesthis
goalby anevolutionarystepfrom currentfunctionallanguageslike Haskell, we areproposinga moreradical
departurewith Epigram,exploiting whatwe have learntfrom proofdevelopmenttoolslike LEGOandCOQ.

Epigramis a full dependentlytypedprogramminglanguagede�ned by McBride andMcKinna [MM04],
drawing on experiencewith the LEGO system.McBride has implementeda prototypewhich is available
togetherwith basicdocumentation[McB04, McB05] from theEpigramhomepage.1 Theprototypeimplements
most of the featuresdiscussedin this article, and we are continuing to develop it to close the remaining
1 Currentlyhttp://sneezy.cs.nott.ac.uk /epig ram/.
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gaps,improve performanceandaddnew features.Brady hasimplementeda compiler [Bra05, BMM04] for
the Epigramlanguage,providing importanttechnologyfor producingef�cient codefrom dependentlytyped
programs.

data Nat : ? where 0 : Nat
n : Nat

1+ n : Nat

data Order : ? where le; ge : Order

data X : ?
List X : ? where nil : List X

x : X xs : List X
x :: xs : List X

let x; y : Nat
order x y : Order order x y ( recx

order 0 y ) le
order (1+ x0) 0 ) ge
order (1+ x0) (1+ y0) ) order x0 y0

let xs; ys : List Nat
merge xs ys : List Nat

merge xs ys ( recxs
merge nil ys ) ys
merge (x :: xs0) ys ( recys

merge (x :: xs0) nil ) xs
merge (x :: xs0) (y :: ys0) order x y

le ) x :: merge xs0 ys
ge ) y :: merge xs ys0

let xs : List X
deal xs : List X � List X deal xs ( recx

deal nil ) (nil; nil)
deal (x :: nil) ) (x :: nil; nil)
deal (y :: z :: xs) deal xs

(ys; zs) ) (y :: ys; z :: zs)

let xs : List Nat
sort xs : List Nat sort xs ( general

deal xs
(ys; nil) ) ys

(ys; z :: zs) ) merge (sort ys) (sort (z :: zs))

Figure 1. Merge-sort,generally

In thisarticleweexhibit therationalebehindEpigram'sdesign,usingre�nementsof awell known program—
mergesort—asa runningexample.Our startingpoint is the implementationshown in Figure1: it is written in
Epigram,but it couldhavebeenwrittenin any functionallanguage.Westartby revisiting thequestionof totality
versuspartiality in section3, showing how sort canbe madestructurallyrecursive. Section4 continuesby
addressingtheproblemof how to maintainstaticinvariantswhich is illustratedby implementinga sizedsort .
In section5 wehow to usedependenttypesto maintainstaticinvariantsaboutdynamicdata,which is illustrated
by implementingaversionof sort whichcerti�es thatits outputis in order. We look behindthecurtainsof the
Epigramsystemin section6 anddiscusshow dependenttypessupportan extensiblesystemof programming
patternswhichinclude,but arenotrestrictedto, constructorcaseanalysisandconstructorguardedrecursion;we

2 2005/4/21



alsodiscussthedesignof theinteractive aspectof theEpigramprogrammingenvironment.Finally, wedescribe
areasof furtherwork in 7 andsummarizeourconclusionsin section8.

Beforeembarkingon this programmelet's quickly describeEpigram's syntax(which may look unusualto
functionalprogrammerswho have grown up with languageslike ML or Haskell), takingour implementationof
mergesortasanexample.Epigramusesa two-dimensionalsyntaxfor declarations,basedon naturaldeduction
rules, a choicewhich paysoff once type dependenciesbecomemore intricate. E.g. the declarationof the
constructor1+ for thedatatype2 Nat is equivalentto writing 1+ : Nat ! Nat. Theconclusionof adeclaration
visualizesits use—thisis importantbecauseparametersof any typecanbe implicit in Epigram.For example,
whendeclaringnil we do not declareX —Epigram�gures out from its usagethatit mustinhabit?, thetypeof
typesandinternallycompletesthedeclaration

X : ?
nilX : List X

Whenpresentedwith nil, Epigramusesthewell known technologyestablishedby DamasandMilner [DM82]
to �gure out thevalueof this implicit parameter. We canalsomake animplicit parameterexplicit by writing it
asa subscript,eg., nilNat : List Nat.

Epigramprogramsaretree-structured:eachnodehasa `left-handside' indicatinga programmingproblem
anda `right handside' indicatingeitherhow to solve it outright by returninga value,) t () is pronounced
`return'),or how to reduceit to subproblemsby deploying aprogrammingpatternindicatedby the( symbol((
is pronounced̀by'). Programmingpatternsincludestructuralrecursion,like recx in order , generalrecursion
andalsocaseanalysis.We suppressnonemptycaseanalysesfor thesake of brevity—they canberecoveredby
thestandardalgorithm[Aug85]. If, asin themerge function,we needto analysetheresultof anintermediate
computation,webring it to theleft with thejcdotsconstruct(j is pronounced̀with'). 3 Here,order decidesthe
� relation,returningavaluein theenumerationOrder.

Wehave givenacompleteprogram,but Epigramcanalsotypecheckandevaluateincompleteprogramswith
un�nished sectionssitting in sheds, [ � � � ] , wherethe typechecker is forbiddento tread.Programscan be
developedinteractively, with the machineshowing the availablecontext and the requiredtype, wherever the
cursormaybe.Moreover, it is Epigramwhichgeneratestheleft-handsidesof programsfrom typeinformation,
eachtime aproblemis simpli�ed with ( on theright.

2. RelatedWork

Dependenttypesarea centralfeatureof Martin-Löf's Type Theory[ML84, NPS90],integratingconstructive
logic andstronglytypedfunctionalprogramming.Type Theoryandits impredicative extension,the Calculus
of Constructions,inspiredmany type-basedproof systems,suchasNUPRL [CAB + 86], LEGO [LP92] andthe
widely usedCOQ [Tea04]. Magnusson's ALF system[MN94] was not only the �rst systemto implement
inductive families [Dyb91] and patternmatching for dependenttypes [Coq92] and it also pioneeredthe
interactive styleof type-drivenprogramandproofdevelopmentwhich inspiredEpigram.

Xi andPfenning's DML (for DependentML) [XP99] wasanimpressive experimentin exploiting dependent
typesfor a realfunctionalprogramminglanguage.DML, like otherAppliedTypeSystems[Xi04], separatesthe
world of indexing expressionsandprograms,therebykeepingtypesunaffectedfrom potentiallybadlybehaved
programs.In contrastto DML, Augustsson's implementationof the Cayennelanguage[Aug98], which also
inspiredthe AGDA proof system[CC99], usesfull dependency anddoesn't differentiatebetweenstaticand
dynamictypes.

2 While thedeclarationof Nat providesa convenientinterfaceto thetypeof naturalnumbers,thereis noneedto implementthemusing
a unaryrepresentationinternally. Moreover, we shallalsoexploit thesyntacticconvenienceof usingtheusualdecimalnotationto refer
to elementsof Nat.
3 Thecurrentprototypedoesn't yetsupportthesuppressionof caseandit doesn't implementthej notation.As aconsequenceits codeis
moreverbose.
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Nestedtypesprovide a poor man's approachto many indexed datastructuressuchas squarematricesor
well scoped� -terms,e.g.see[Hin01]. McBride suggesteda moregeneralapproach[McB02b], exploiting that
Haskell'sclasssystemprovidesastaticlogic programminglanguage.Having realizedthepowerof indexeddata
structures,Cheney andHinze[CH03] proposedto extendthetypesystemto introducea rich languageof index
expressionsleadingto generalizedalgebraic datatypes(GADTs), which arebasicallyinductive families in a
programminglanguagesetting[She04, PWW04].

3. Why wearePartial to Totality

A popularmyth,still to befoundin learnedarticlesandrefereereportson grantapplications,is thatdependent
typesand generalrecursiondo not mix. This is a misunderstanding,but it' s an understandableone.Let us
examinethefacts,beginningwith thetyping rule for application:

f : 8x : S ) T [x] s : S
f s : T [s]

It' s clearfrom thepremisesthat,asever, to checkan applicationwe needto comparethe functiondomain
and the argumenttype. It' s also clear from the rule's conclusionthat thesetypesmay containexpressions.
If computationis to preserve typings,then f (2+ 2) shouldhave the sametype as f 4, so T [2+ 2] mustbe
the sametype asT [4]. To decidetypechecking,we thereforeneedto decidesomekind of equivalenceup to
computation. Therearevariousapproachesto thisproblem.

The totalitarian approach. Someproof systemsbasedon intensionaltype theory, including Coq and
Lego, forbid generalrecursion.As all computationsterminate,equalityof typesis just syntacticequalityof
their normalforms.Decidabilityof typecheckingis a consequence,but it' s not theprimarymotivationfor this
choice.As a proof method,generalrecursionis wholly bogus—itstype,8P ) (P ! P) ! P is a blatant
lie. Generalrecursion,non-exhaustive patternsandothersuchnon-totalprogrammingfeaturescompromisethe
logical soundnessof aproof system.Trustis moreimportantthanterminationin proof checking.

Of course,even in the absenceof generalrecursion,it' s possibleto write programswhich take a long
time—e.g.checkingall the basiccon�gurationsof four-colouring problems.That doesn't make dependent
typecheckingnecessarilyintractable:the complexity of the programsin types is entirely controlledby the
programmer—themoreyousay, themoreyoupay, but themorealsoyoucanberepaidin termsof genericity, or
precision,or brevity. GeorgesGonthier's proof of thefour colour theorem[Gon04] is madetractableby type-
level computation,becauseit letshim avoid generatingandcheckinga separateproof for eachcon�guration—
thelatterapproachwouldhave involvedat leastasmuchwork for thecomputerandagreatdealmorework for
Georges!

The libertarian approach. It' s reasonableto allow arbitraryrecursionin type-level programs,provided
you have somesort of cut-off mechanismwhich interruptsloops when they happenin practice.This is the
approachtaken by the Agda proof system,Cayenneandby Haskell with `undecidableinstances'—Haskell's
overloadingresolutionamountsto executinga kind of `compile-timeProlog'. Agdarestoreslogical soundness
by a separateterminationcheck,performedafter typechecking.The basicpoint is that you includerecursive
programsin typesat yourown risk: mostlythey're benignandtypecheckingbehavessensibly.

Thelegendarỳ loopiness'of dependenttypecheckingstemsfrom theparticularway thelibertarianapproach
wasimplementedin Cayenne.It' s perfectlyreasonableto implementrecursionvia �xpoints in thevalue-only
run-timesof functionalprogramminglanguages,but LennartAugustsson's attemptto lift this to theopenterms
usedin dependenttypecheckinghadanunintendedconsequence—whenevena structurallyrecursive function
is stuckon a non-constructorinput,you canstill expandthe�xpoint, potentiallyputtingthesysteminto a spin:
this is intolerable,but it' s not inevitable,astheother`libertarian'systemshave shown.

Thepragmaticadvantageof libertarianismis thatwedon't haveto carewhy aprogramworksin orderto start
playingwith it—it seemsashameto bancertainprogramsat run-timejust to protectourselvesatcompile-time.
However, it alsoseemsa shameto forsake thecertaintieswhich totalitarianismsupports.
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The mixed economy. As both of theabove have their merits,it seemssensibleto supportboth,aslong
asprogramsareclearaboutwherethey stand.Dependenttypescanbe usedto expressschemesof recursion
in the form of induction principles,such as constructor-guarded recursionfor a given inductive datatype.
In Epigram,programsinvoke recursionschemesexplicitly—each recursive call must be translatableto an
`inductive hypothesis'arising from sucha scheme.Any programwhich employs only constructor-guarded
recursion,or somefancierschemederivedtherefrom,is guaranteedto betotal.

However, generalrecursionalso takes the form of an induction principle (with a particularly generous
inductive hypothesis).We canmake generalrecursionavailable,but only by explicit appealto this principle.
If we suppressthecompile-timecomputationalbehaviour of generalrecursion,we canpreserve decidabilityof
typechecking,leaving computationby explicitly total programsactivated.

This opensa rangeof possibilities,asshown by the implementationof merge-sortshown in �gure 1. The
order ing of thenaturalnumberswith respectto � is aone-stepconstructorguardedrecursion.To merge two
sortedlists, we needa combinationof one-steprecursionson eachargument—foreachsuccessive elementof
the�rst list, westepalongthesecondlist until its rightful placeappears.Thedeal ing outof a list into two lists
of (roughly)half the lengthhereexploits a two-steprecursion,but this still �ts within theconstructor-guarded
schemeindicatedby thekeyword rec. However, sort performsa peculiarrecursionvia deal —it' s notobvious
yethow to justify this,sofor now we give upandusegeneral.4

This approachrulesnothingout, but it still allows us to observe guaranteedtotality wherewe canseethe
explanation.Thenotationaloverheadis notlargeandcouldbereducedstill furtherif wewereto installanAgda-
style terminationchecker, inferring simpleexplanationswhentheuseromits them.We couldgo even further,
pushingthetotal-versus-generaldistinctioninto typesby treatinggeneralrecursionasaneffect which we lock
away safelyin a monad.For practicalpurposes,we shouldneeda betternotationfor monadicprogrammingin
thefunctionalstyle.Bothof theseareactive topicsof research.

3.1 Totality is Good for more than the Soul

Thewarmfuzzy feelingyou getwhenyou've persuadedyour programto live in a total programminglanguage
shouldnotbeunderestimated.It' sastrongstaticguarantee—youcansaythatyou've writtena functionwithout
having to pretendthat? is a value.But warmfuzzy feelingsdon't paytherent:whatarethepracticalbene�ts
of virtue?

RandyPollackhasoftensaidto us`thepointof writing aproof in astronglynormalizingcalculusis thatyou
don't needto normalizeit'. Whenyouhaveanexpressionof agiventypein a total language,youcanguarantee
that it will computeto a value:if you don't carewhat thatvalueis—asis usuallythecasewith a proof—you
have no needto performthecomputation.Now weknow thatwecanintegrateproofsof logical propertiesinto
ourprogramsatno run-timecost.

This is particularlyimportantwith proofsof equations.Equalityis de�ned asfollows:

data s : S t : T
s = t : ? where re
 : t = t

An equationbetweentypesinducesacoercionfrom oneto theotherwhich is trivial if theproof is re
 .

let Q : S = T s : S
f Qgs : T f re
 gt ) t

In a partial setting,we needto run Q to checkthat it' s re
 , becausetrustinga falseequation(like Nat =
Nat ! Nat) inducesa run-time type error. When Q is total, the compiler can erasef Qg. Contrastthis
with the proposalto representtype equationsin Haskell by isomorphisms,e.g.[BS02], — even thoughgood
programmersalwaystry to ensurethatthesefunctionsturn out at run-timeto befunctorial liftings of id , there
is no way to guaranteethis to thecompiler, sotheisomorphismsmustactuallybeexecuted.
4 To seehow subtlethejusti®cationcanbe,try swappingthecaseanalysison deal xs sothepatternsare(nil; ys) and(z :: zs; ys).

5 2005/4/21



Moreover, anoptimisingcompilercanexploit totality in varioususefulways.Theevaluationstrategy of atotal
programis irrelevant,sothey canberunasstrictly or lazily asaheuristicanalysismightsuggest.Optimisations
like replacingfoldr with foldl , which only work with �nite values,canbeappliedsafely. Specialisationby
partial evaluationis untroubledby ? . Furtherthe explicit markingof a programasstructurallyrecursive is a
clearinvitation to applyfusiontechniques.

All in all, thereis no blissto behadfrom ignoranceof totality; thereis nodisadvantageto wisdom.

3.2 DefusingGeneralRecursion

A recursive function which happensto be total will generallyexploit somesort of structure,but perhapsnot
the`native' structureof its inductive arguments.Thetotality of thefunctioncanbemadeclearif thatstructure,
whatever it is, canbebroughtinto theopenandexpressedinductively.

A typical `divide and conquer' recursionoften becomesstructuralby introducing an intermediatedata
structurewhich representsthedivision of the input, built by a processof insertion,andcollapsedstructurally
by `conquering'.This intermediatedatastructurethuscorrespondsto thecontrolstructurebuilt by theoriginal
recursion,whichcanbereconstructedby fusingthebuilding with thecollapse.

As David Turnerobserved[Tur95], defusingquick-sortexposesthebinarysearchtreestructure.Thestandard
exampleof a non-structuralprogramis actuallytree-sort—RodBurstall's �rst exampleof a structuralprogram
[Bur69]!

We play thesamegamewith merge-sortin �gure 2. The`divide' phasedealsout the input to eachsort into
two inputs for sub-sorts(roughly) half the size; the `conquer'phasemergesthe two sortedoutputsinto one
(roughly) twice thesize.If we build a treerepresentingthesortingprocesses,we �nd thateachnodedealsits
inputsfairly to its subnodes,with theleaveshaving noneor one.

data Parity : ? where p0; p1 : Parity

data X : ?
DealT X : ? where empT : DealT X

x : X
leafT x : DealT X

p : Parity l ; r : DealT X
nodeT p l r : DealT X

let x : X t : DealT X
insertT x t : DealT X insertT x t ( rect

insertT x empT ) leafT x
insertT x (leafT y) ) nodeT p0 (leafT y) (leafT x)
insertT x (nodeT p0 l r ) ) nodeT p1 (insertT x l ) r
insertT x (nodeT p1 l r ) ) nodeT p0 l (insertT x r )

let xs : List X
dealT xs : DealT X dealT xs ( recxs

dealT nil ) empT
dealT (x :: xs) ) insertT x (dealT xs)

let t : DealT Nat
mergeT t : List Nat mergeT t ( rec t

mergeT empT ) nil
mergeT (leafT x) ) x :: nil
mergeT (nodeT p l r ) ) merge (mergeT l ) (mergeT r )

let xs : List Nat
sort xs : List Nat sort ) mergeT � dealT

Figure2. Merge-sort,structurally(with merge asbefore)
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Correspondingly, a `dealing' is a binarytreewith leavesof weightzeroor one,andnodesoff balanceby at
mostone—if we keepa parity bit at eachnode,we shallknow into which subnodethenext elementshouldbe
dealt.In effect, we defusethegeneralrecursionasa compositionof folds, with `divide' replacing[nil; ( :: )] by
[empT; insertT ] and`conquer'(mergeT ) replacing[empT; leafT; nodeT] by [nil; ( :: nil); � p ) merge ].

Of course,thereis no panacea:thereareall sortsof waysto write programswhich concealthe structures
by which they operate.A dependenttype systemprovides a rich languageof datatypesin which to expose
thesestructures—otherexamplesincludeevaluationfor thesimplytyped� -calculuswith primitive recursionon
Nat, which givesa denotationalsemanticsto bothtypesandterms,and�rst-order uni�cation, whichcombines
recursionon thenumberof availablevariableswith recursionon termsover thosevariables.

If you careabouttotality, it' s often easierto write a new programwhich works with the relevant structure
thanto write a proof which �nds thestructurewhich a general-programis hiding.Thebestway to tidy up the
messis not to make it in the�rst place,if youcanpossiblyavoid it.

4. Maintaining Invariants by Static Indexing

An importantaspectof many recentandinnovative typesystemsis the ideaof indexing datatypesin orderto
expressandenforcestructuralinvariants.Therearevariouswaysthis canbeachieved: in Epigram,we de�ne
datatypefamiliesin thestyleof theAlf system[Dyb91]. A goodintroductoryexampleis givenby thevectors—
lists indexedwith their length.

data n : Nat X : ?
Vecn X : ? where vnil : Vec0 X

x : X xs : Vecn X
vconsx xs : Vec(1+ n) X

Caseanalysison inductive families[Coq92] involvesunifyingthetypeof thescrutineewith thetypeof each
possibleconstructorpattern—thosepatternsfor which constructorsclasharerejectedasimpossible,asin this
notoriousexample:

let xs : Vec(1+ n) X
vtail xs : Vecn X vtail (vconsx xs) ) xs

Vectorsadmitoperationswhichenforceandmaintainlengthinvariants,suchasthis `vectorizedapplication':

let fs : Vecn (S ! T ) ss : Vecn S
fs @ ss : Vecn T

fs @ ss ( recfs
vnil @ vnil ) vnil
vconsf fs0 @ vconss ss0 ) vcons(f s) (fs0 @ ss0)

Sometimes,we needsomeoperationson theindicesin orderto expressthetypeof anoperationon indexed
data.Concatenatingvectorsis asimpleexample

let m; n : Nat
m + n : Nat m + n ( recm

0 + n ) n
(1+ m0) + n ) 1+ (m0 + n)

let xs : Vecm X ys : Vecn X
xs ++ ys : Vec(m + n) X xs + ys ( recxs

vnil ++ ys ) ys
vconsx xs0 ++ ys ) vconsx (xs0 ++ ys)

Note the importanceof the index uni�cation in the above example—it's the instantiationof the �rst argu-
ment's lengthwith 0 or (1+ m0) which enablesthelengthof theconcatenationto computedown to thelength
of thevectorswe actuallyreturnin eachcase.

7 2005/4/21



The fact that the lengthis somekind of dataallows us to write genericoperationsby computationover it.
Thisexamplecomputesaconstantvectorof therequiredsize.

let x : X
vecn x : Vecn X vecn x ( recn

vec0 x ) vnil
vec(1+ n 0) x ) vconsx (vecn 0 x)

We write vec's lengthargumentasa subscriptto indicatethat it is usuallyto be left implicit whenthevec
functionis used.Forexample,wecanmapafunctionf acrossavectorxs justby writing vecf @ xs, becausethe
typeof @ will requiretheoutputof vec to have thesamelengthasxs. Thetechnologywehave inheritedfrom
DamasandMilner is now beingusedto infer valueparametersaswell astypes.Thebehavioursof vec and @

combineconvenientlyto give us`vectorizedapplicative programming'with sizeinvariantsquietly maintained:
transpositionshows this in action.

let xij : Veci (Vec j X )
xp ose xij : Vecj (Vec i X ) xp ose xij ( recxij

xp ose vnil ) vec vnil
xp ose (vconsxj xi 0j ) ) vec vcons@ xj @ xp ose xi 0j

4.1 Static Indexing and Proofs

In ourde�nition of ++ , wewerelucky—thecomputationon thevectorswasin harmony with thecomputation
onthenumbers.Wearenotalwayssolucky—if wetry to reverseavectorby theusualaccumulatingalgorithm,
we kick againstthecomputationalbehaviour of + andtheobviousprogramdoesnot typecheck.

let xs : Vecm X ys : Vecn X
vrev acc xs ys : Vec(m + n) X vrev acc xs ys ( recxs

vrev acc vnil ys ) ys
vrev acc (vconsx xs0) ys ) vrev acc xs0 (vconsx ys)

Thetroubleis thattheshadedexpressionhaslengthm0 + (1+ n), andwe requirea lengthof 1+ (m0 + n),
wherexs0 andys have lengthsm0 andn respectively. The fact that thesetwo lengthsarethe samedoesnot
follow directly from applyingthecomputationalbehaviour of + , ratherit' s analgebraicpropertyfor whichwe
canoffer aninductive explanation.

let plusSuc m n : m + (1+ n) = 1+ (m + n)

plusSuc m n ( recm
plusSuc 0 n ) re

plusSuc (1+ m0) n ) [plusSuc m0 ni

We write [qi for theproof of anequationp[s] = p[t ] whereq : s = t andhq] for thesymmetricproof of
p[t ] = p[s] Oncewe have thisproof,wecan�x ouraccumulatingreverse:

let xs : Vecm X ys : Vecn X
vrev accm n xs ys : Vec(m + n) X

vrev acc xs ys ( recxs
vrev acc vnil ys ) ys
vrev acc(1+ m 0) n (vconsx xs0) ys ) f [plusSuc m0 nig vrev acc xs0 (vconsx ys)

It is perhapsnot surprisingthat to �nish the job, we needanotherlemma(whoseproof is anunremarkable
induction):
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let plusZero n : n + 0 = n � � �

let xs : Vecn X
vrev n xs : Vecn X vrev n xs ) f [plusZero nig vrev acc xs vnil

As wehavealreadymentioned,theseproofsareerasedatrun-time—theironly rôleis tomakethetypechecker
awareof morethanit can�gure out by computationalone.Perhapsit' s undesirableto `repair' programswith
proofs—ourvrev is certainlymoretroubleto write thanthereversalof anunsizedlist, but this is just thework
which hasto bedoneif you want to know that lengthis preserved. If we don't care,we don't have to work so
hard—wecouldjust returnavectorof somelength,ratherthanthesamelength:

let xs : Vecm X ys : Vecn X
vrev acc0 xs ys : 9l ) Vecl X

vrev acc0 xs ys ( recxs
vrev acc0 vnil ys ) ys
vrev acc0 (vconsx xs0) ys ) vrev acc0 xs0 (vconsx ys)

The notion of `somelength' is expressedvia an implicit existential9l ) Vec l X . The vector is packed
(inferring the witness)and unpacked (discardingthe witness)automatically. It allows us to recover a less
dependenttype by hiding an index—herewe recover ordinary lists. We canwrite the old programswith the
old precisionjustaseasilyasbefore.

As with totality, we have enoughlanguageto negotiatea pragmaticcompromise,adoptingmore precise
methodswherethegainis worththework.Themoreprudentcourse,perhaps,is to try to maketheunremarkable
proofsascheapaspossible.Xi andPfenning's approachof equippingthetypechecker with decisionprocedures
for standardproblemclassesis a greathelp in practice:DML hasno dif�culty discharging the elementary
propertiesof + we requiredabove.Weshouldcertainlyemulatethis functionality.

4.2 SizedMerge-Sort

Wecanprovideamoresubstantialexampleof `thepragmaticsof precision'by rolling outsizeinvariantsacross
our developmentof merge-sort.We shall replacethe lists by vectors,andwe shall seekto ensurethatsorting
preservesthelengthof its input.

How will sizingaffectmerge ?Theoutputlengthshouldbethesumof theinput lengths.

let xs : Vecm Nat ys : Vecn Nat
merge m n xs ys : Vec(m + n) Nat

merge xs ys ( recxs
merge vnil ys ) ys
merge (vconsx xs0) ys ( recys

merge (1+ m 0) 0 (vconsx xs0) vnil ) fhplusZero (1+ m0)]g xs
merge (1+ m 0) (1+ n 0) (vconsx xs0) (vconsy ys0)

order x y
le ) vconsx (merge xs0 ys)
ge ) vconsy (fhplusSuc m0 n]g merge xs ys0)

We shallalsoneedto addsizesto our intermediateDealT datastructure.Thesizesfor empT andleafT are
obviousenough,but whataboutnodeT?A usefulclueis providedby thebalancinginvariantwhichourprogram
preserves—thesizeof theleft subtreeis eitherequalto thatof theright subtreeor just onemore,dependingon
theparitybit. Let's write thatdown (weusedecimalsto abbreviatenumericalconstants):
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let p : Parity
p̂ : Nat p̂0 ) 0

p̂1 ) 1

data n : Nat X : ?
DealT n X : ? where empT : DealT 0 X

x : X
leafT x : DealT 1 X

p : Parity l : DealT (p̂ + n) X r : DealT n X
nodeTn p l r : DealT (( p̂ + n) + n) X

Thereis morethanoneway to write down thesizeof a nodeT.5 Thechoicewe make hereis motivatedby
themergeT operation,whichnow hasamoreinformative type:

let t : DealT n Nat
mergeT t : Vecn Nat

mergeT t ( rect
mergeT empT ) vnil
mergeT (leafT x) ) vconsx nil
mergeT (nodeT p l r ) ) merge (mergeT l ) (mergeT r )

We simply chosethe returntype for nodeT which madetheold codefor mergeT go throughasit stood,
given thenew typeof merge ! Of course,we shallpaywhenwe cometo write insertT —we couldshift the
burdentheotherwayby takingthesizeof anodeT to bep̂ + n � 2.

let x : X t : DealT n X
insertT x t : DealT (1+ n) X

insertT x t ( rect
insertT x empT ) leafT x
insertT x (leafT y) ) nodeT p0 (leafT y) (leafT x)
insertT x (nodeT p0 l r ) ) nodeT p1 (insertT x l ) r
insertT x (nodeTn p1 l r ) ) f [plusSuc n nig nodeT(1+ n ) p0 l (insertT x r )

Thedamageis not toobad—wejusthaveto appealto algebraicpropertiesof + , to show thattheconstructed
treeof size(1+ n) + n �ts theconstraint1+ (n + n). ThisleavesdealT andsort with new types,but basically
thesamecode:

let xs : Vecn X
dealT xs : DealT n X dealT xs ( recxs

dealT vnil ) empT
dealT (vconsx xs) ) insertT x (dealT xs)

let xs : Vecn Nat
sort xs : Vecn Nat sort ) mergeT � dealT

It seemsappropriateat thispoint to emphasizetheimportanceof feedbackfrom thetypechecker whendoing
a developmentlike this. It' s the typechecker which tells you which lemmasyou needandwhereyou needto
insert them,and it' s the constraintswhich ariseduring typecheckingwhich tell you how to engineera data
structure's indicessothatits operationstypecheckwherepossible.Thecomputationalcoincidencesbetweenthe
indicesweencounterarereallyamatterof care,not luck.

5 Indeed,theabove doesnotensurethatthesubtreesof a nodearenonemptyÐthiscanbedoneby replacingn with (1+ n 0) in thetype
of nodeT.
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4.3 A Questionof Phase

In oursortingexample,thenaturalnumbersNat areplayingtwo separateparts—dynamically, they representthe
databeingsorted;statically, they give sizesto thedatastructuresinvolved in theprocess.All thecaseanalysis
happensover theindexeddatatypes,ratherthantheindicesthemselves,sothereis noneedfor sizesat run-time.
It wouldappearthat,in thisexampleat least,thedataonwhichtypesdependis entirelystatic.Althoughweneed
somethinglike thenaturalnumberswithin the languageof types,shouldit be thenaturalnumbers?Perhapsit
wouldbesimplerif, aswell asthenaturalnumbers,therewassomethingelseexactly like them.

It' snotasridiculousasit sounds:it enablesusto keeptheworkadaytermlanguageoutof types,allowing de-
pendency only on thestaticthings.Thiskeepsthetype/termdistinctionin alignmentwith thephasedistinction,
separatingthestatic8 from thedynamic! , eachwith theirown distinctnotionsof abstraction,applicationand
now of datatype.

Of course,static datatypesare not quite enough:our DealT datatypefamily relies on operationssuchas
+ . We needstatic functionsover staticdata,togetherwith the associatedpartial evaluationtechnology. We
needto �nd designcriteriafor thisemerging staticprogramminglanguage.Will all ourstaticdatastructuresbe
monomorphic?Do we believe thatstaticdatawill never needto beindexeditself?It would bebold to imagine
that `yes' is the answerto thesequestions.At what point will we stopextendingthe static languagewith a
replicaof thedynamiclanguage?

We're beginning to seemore and more of the samephenomemashowing up on either side of the phase
distinction;we're evenbeginningto seethepotentialemergenceof a phasehierarchy. Occam's razorsuggests
thatweshouldunderstand̀data'and`function' once,regardlessof phase,sincethephasedistinctionno longer
distinguisheswherethesenotionsarise.

But Occam's razor is a subjective instrument,so we cannotpresumethat otherswill cometo the same
judgmentas ourselves. We can, however, examinethe impact of the underlyingpresumptionthat `the data
on which typesdependis entirelystatic'.

5. Evidenceis About Data; Evidenceis Data

Typesystemswithoutdependency ondynamicdatatendto satisfythereplacementproperty—any subexpression
of a well typedexpressioncanbereplacedby analternative subexpressionof thesametypein thesamescope,
andthe whole will remainwell typed.For example,in Java or Haskell, you canalwaysswap the then and
else branchesof conditionalsand nothingwill go wrong—nothingof any static signi�cance,anyway. The
simplifying assumptionis thatwithin any giventype,onevalueis asgoodasanother. Thesetypesystemshave
no meansto expressthe way that differentdatameandifferent things,andshouldbe treatedaccordinglyin
differentways.Thatis why dependenttypesmatter.

More speci�cally, we have seenhow the apparatusof dependenttypescanbe usedto maintainthe length
invariantin our sortingalgorithm,but thatthe lengthcanessentiallyberegardedasa prior staticnotionwhich
thecodemustrespectdynamically. Whatif wewantedto guaranteethetheoutputof oursortingalgorithmis in
order?Theorderis not aprior staticnotion—thatis why weneeda sortingalgorithm—theorderis established
by run-timetestingof thedynamicdata.Canwe observe this fact statically?As thingsstand,Order doesnot
matter:we canswap aroundthe le andge outputsof our order testwithout affecting the well typednessof
merge . How canwe makeOrdermatter?By makingOrderadependenttype!

5.1 Evidenceof Ordering

Wereplacetheuninformative typeOrderby aninductive family with Orderx y expressingthatx andy canbe
orderedandeachpossibilitycanbeestablishedwith evidence.

data x; y : Nat
x � y : ? where � � �

data x; y : Nat
Orderx y : ? where xley : x � y

le xley : Orderx y
ylex : y � x

geylex : Orderx y
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Weshallgive � its constructorsshortly. First, let usseewhathappensto theorder test—forastart,its type
now tellsuswhatits outputsaysaboutits input! Weprovide emptysheds[] whichwill becompletedoncewe
have decidedhow to represent� proofs.Thefreedomto delayimplementationdecisionswhile typechecking
therestof thecodeis anessentialfeatureof Epigramwhichwe furtherelaboratein thenext section.

let order x y : Orderx y order x y ( recx
order 0 y ) le []
order (1+ x0) 0 ) ge []
order (1+ x0) (1+ y0) order x0 y0

le x0ley0 ) le []
gey0lex0 ) ge []

Thisprogramisalmostasbefore,exceptthatwecannotpasstherecursivecall backdirectly—it is theordering
of x0andy0, but weneedto ordertheirsuccessors.Wecantreatthispartialprogramasacluetogoodconstructors
for � . Whatshouldwewish themto be?Well, our �rst [] requiresaproof that0 � y, solet ushave

le0 : 0 � y

Actually, thatwill alsosatisfyour second[] , which needsa proof of 0 � (1+ x 0). Our third [] requiresus
to establish(1+ x0) � (1+ y0), givenx0ley0 : x0 � y0, andthefourth [] is similar, solet ushave

xley : x � y
leSxley : (1+ x0) � (1+ y0)

Thetwo seemlike a reasonablede�nition of � , andthey certainlyenableusto �ll in our [] s.

let order x y : Orderx y order x y ( recx
order 0 y ) le le0
order (1+ x0) 0 ) gele0
order (1+ x0) (1+ y0) order x0 y0

le x0ley0 ) le (leSx0ley0)
gey0lex0 ) ge(leSy0lex0)

Whathashappenedhere?We startedwith a programwhich did theright thing but did not sayso.It should
benosurprisethatwhenwe try to make thisprogramsaywhatit does,we learnhow to saytheright thing.

However, someof you may be wonderingwhetherit is worth sayingthe right thing, if it meansspending
heapon this datastructureof evidenceandlosingthetail-call optimisationinto thebargain.Fortunately, our �
typehasthepropertyof beingcontent-free[BMM04]: just aswith = , for any given indicesx andy, x � y
containsat mostonevalue,so theevidencecanbeerasedat run-timeandthetail-call restored.Moreover, it is
no accidentthat� is content-free:our methodof packingup thecasesarisingensuredthat le0andleScovered
distinctindices,andthattheindicesof any recursive proofsweredeterminedin turn.

Justto besure,let uscheckthat� is a totalordering—givenorder , we justneed
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let leRe
 x : x � x leRe
 x ( recx
leRe
 0 ) le0
leRe
 (1+ x 0) ) leSleRe
 x 0

let xley : x � y ylez : y � z
leT rans xley ylez : x � z leT rans xley ylez ( recxley

leT rans le0 ylez ) le0
leT rans (leSxley0) (leSylez0) ) leS(leT rans xley0 ylez0)

let xley : x � y ylex : y � x
leASym xley ylex : x = y leASym xley ylex ( recxley

leASym le0 le0 ) re

leASym (leSxley0) (leSylex0) ) [leASym xley0 ylex0i

As it happens,thesepropertiesof � arenot necessaryin orderto implementsorting.To besurethata list is
sorted,youneedat leastto havecheckedthateachadjacentpair is in order—thatit' s locally sorted. It' snothard
to seethata list canalwaysbe locally sortedwith respectto any binary relationwhich alwaysholdsoneway
aroundor theother(wheninsertinganew element,if it �ts nowherebeforetheend,thenit must�t at theend).
Of course,knowing thatit is alsoapartialorderenhanceswhatyoucandeducefrom a locally sortedlist.

5.2 Locally SortedLists

How shallwede�ne locally sortedlists?Weshallclearlyhave to index listswith somesortof interval, but there
areseveralwayswe might do it: oneboundor two?openboundsor closedbounds?As with thedesignof the
sizedDealT, weshouldtake careto ensurethatthedecisionleadsto operationswhichareascleanlyde�ned as
possible.For pedagogicalpurposes,we shallsort lists ratherthanvectors—sizingandsortingareindependent
re�nementsof the list structure.We do not verify the fact that the resultinglist is a permutationof the input
here.

One bound or two? In orderto do a `cons',we shallcertainlyneedto know thattheheadandthetail are
suitablyordered,sothetail will requirea lower bound.Meanwhile,merge makesno restrictionsbetweenthe
boundsof its inputs—onlybetweentheinputboundsandtheoutputbounds.Thatsuggeststhatwecangetaway
with a lowerboundfor thisexample.Of course,if wewantedto concatenatesortedlists (in analgorithmbased
on pivoting,say),we shouldneedupperboundstoo.

Open or closed? It is perhapsa little tricky to give a preciselower boundfor the emptylist—we could
make abound`elementslifted with 1 ' andlift � accordingly:

data b : Lifted Nat
CList b : ? where cnil : CList 1

x : Nat xley : x � y xs : CList y
cconsx xley xs : CList (lift x)

Thelifting is not a big issuehere—weonly getaway without �1 becauseNat stopsat 0. Theadvantageof
this de�nition is its precision:eachlist is assignedits tightestbound.Thedisadvantageof this de�nition is also
its precision—whenwe aremakinga CList, we musteitherspecifyits lower bound(eg., sort is boundedby
min ) andsatisfythatspeci�cation,or say`don't care'with anexistential.But we do care!Therecursive calls
in merge can't have any old lowerbound—thelower boundof thetail mustbeat leastthehead!

Thefact thatwe canassignclosedboundsto sortedlists doesnot necessarilymake thema goodchoicefor
a type,becausewe alsoneedto prescribebounds.We canusuallythink of anopenbound,even if it is not the
bestone.Let ustry:

data b : Nat
OList b : ? where onil : OList b

x : Nat blex : b � x xs : OList x
oconsx blex xs : OList b
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Here,we have thatonil trivially satis�esany prescribedbound,whilst for ocons, theheadmustexceedthe
prescribedlowerboundandboundthetail in turn.Any old sortedlist cancertainlyberepresentedasanelement
of OList 0. Meanwhile,if bothinputsto merge sharea lower bound,thentheoutputcertainlysharesit too.

let xs; ys : OList b
merge xs ys : OList b

merge xs ys ( recxs
merge onil ys ) ys
merge (oconsx blex xs0) ys ( recys
merge (oconsx blex xs0) onil ) xs
merge (oconsx blex xs0) (oconsy bley ys0)

order x y
le xley ) oconsx blex (merge xs0 (oconsy xley ys0))
geylex ) oconsy bley (merge (oconsx ylex xs0) ys0)

Eachinput list alreadysatis�estheboundrequiredfor theoutput,sotheonil casesaretrivial. Whenwehave
two oconses,we know both headssatisfy the lower bound,but whichever we pick mustboundthe recursive
merge . Hence,we hadbetterpick thesmallerone—theevidencewe getfrom order is exactly whatwe need
to show thatthelist whichkeepsits headsatis�esthenewer tighterbound.

Now wecan�atten a DealT into a sortedlist. This givesusa new backendwhich wecancomposewith the
old dealT to geta sortwhichproducessortedoutput:

let t : DealT Nat
mergeT t : OList 0 mergeT t ( rect

mergeT empT ) onil
mergeT (leafT x) ) oconsx le0onil
mergeT (nodeT p l r ) ) merge (mergeT l ) (mergeT r )

let xs : List Nat
sort xs : OList 0 sort ) mergeT � dealT

Remark. In the above de�nitions of merge andmergeT , all of the � proofswhich we supplyin the
lists we build areeitherby le0 or by directappealto a hypothesisin scope.The proofswhich we uncover by
caseanalysisareonly usedin thisway. It seemsreasonableto considersuppressingall of themby default from
theexplicit syntaxof theprogram.Implicit hypothesescouldbekept in thecontext andsearchedwhenever an
implicit proof is required,in muchtheway thatHaskell handlesthe implicit dictionarieswhenunpackingand
packingexistentialtypes.Of course,a `manualoverride' is still necessary—notall proofsaresoimmediate.

5.3 Programming with Evidence

Theideathatonedatatypecanrepresentevidenceaboutthevaluesin anotheris aliento mainstreamfunctional
programminglanguages,but its absenceis beginningto causepain.A recentexperimentin `dynamicallytyped'
genericprogramming—thèScrapYour Boilerplate' library of traversaloperatorsby Ralf LämmelandSimon
PeytonJones[LP03]—is acasein point.Thelibrary reliesona `typesafecast'operator, effectively comparing
typesat run timeby comparingtheir encodingsasdata:

cast :: (Typeable a, Typeable b) => a -> Maybe b
cast x = r

where
r = if typeOf x == typeOf (get r)

then Just (unsafeCoerce x)
else Nothing
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get :: Maybe a -> a
get x = undefined

Here,theBooleantesttypeOf x == typeOf (get r) servesthepurposeof comparingtypea with type
b, but the Haskell typechecker cannotinterpretthe valueTrue asa reasonto unify types.In the absenceof
evidence,theprogrammersresortto coercion.We trust them,of course,but this degreeof trustshouldnot be
necessary. This is anexamplewherestaticdependency ondynamicdatais thesolution,not theproblem.

Wenow work in asettingwhereweexpectoperationswhichtesttheir input in somewayto haveadependent
typewhich explainswhat theoutputrevealsaboutthe input—order is a simpleexample.Without somekind
of movementbetweentermsand typesthis is impossible—youcan exploit valid data(eg., writing a type-
preservingevaluatorfor a typedexpressionlanguage), but you cannotvalidateit dynamically(eg., by writing
a typechecker).

Traditionaldependenttypesachieve this movementdirectly—theargumentof a functioncanappearin the
typeof its result,andoftenwill, if the resultis evidenceof theargument's properties.An alternative, adopted
for DML'snumericalindices,is to pushtheotherwaywith singletontypes—typesof dynamicdataconstrained
to beequalto thecorrespondingstaticdata.Wewouldhave somethinglike this:

order : 8x; y : Nat ) Only x ! Only y ! Orderx y

Hereevery pieceof dataaboutwhich we seekevidencemust be abstractedtwice—thetype of evidence
dependson the staticcopy, but the testingitself is performedon the dynamiccopy. In the context of DML,
this is a sensibleseparation—erasingthe indicesis intendedto yield a well typedSML program.In a broader
context, wherewemightneedto representpropertiesof any kind of dynamicdata,thisapproachseemsunlikely
to scale.Effectively, we may needto replaceeachtype T by the existentialpairing of its staticanddynamic
copies9t : T ) Only t throughoutourprograms,in orderto have dataat all thelevelswhereit is used.

Singletontypesthusprovide a convenientway to retro-�t a moresophisticatedtype systemto an existing
compilerarchitecture.With just onenotionof dataat all levels,dependenttypesprovide a convenientway for
programmersto exploit thepotentialof working with dataasevidence.Our typechecker examplein [MM04]
notonly generatesenoughevidenceaboutthetypesbeinginferredandcomparedto feedthetaglessinterpreter,
it generatesevidenceaboutthe programbeingchecked—it is the �rst typechecker in the literaturewhich is
staticallyguaranteedto checkits input!

6. The Toolsof the Trade

Programmingis a complex taskwhich canbe madeeasierfor peopleto do with the help of computers.The
conventionalcycleof programmingwith atext editorthencompilingin `batchmode'is awelcomeshorteningof
thefeedbackloopsincethedaysof punchedcards,but it clearlyunder-usesthetechnologyavailabletoday. Any
typedprogramminglanguagecanbene�t from thecapacity—but notnecessarilythecompulsion—toinvoke the
typechecker incrementallyon incompletesubprogramswhilst they areunderdevelopment.Themorepowerful
thetypesystem,themorepressingthisneedbecomes—itjustgetsharderto do it in yourhead,especiallywhen
typescontaincomputations, for whichcomputersareinherentlyuseful.

Moreover, a typeactsasapartialspeci�cationof aprogram,andcanthusbeusedto narrow thesearchspace
for correctprograms,evenif only asa key for searchinga library. Thechoiceof a program's typeis inherently
suggestive of the programmingstrategies with which that type is naturallyequipped—constructors andcase
analysisfor datatypes,abstractionandapplicationfor functions,andsoon.It is a tragicwasteif typesplayonly
apassiverôlein programming,providing abasisfor errorreporting.Ourtechnologyshouldenableprogrammers
to exploit theclueswhich typesprovide.
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6.1 DependentTypesAlso Matter Behind the Scenes

Thekey innovationof Epigramis its useof typesto expressprogrammingtasksandprogrammingpatterns.For
example,thepatternof primitive recursionon adatatypeis expressedby aninductionprinciple, like

8P : Nat ! ? )
P 0 ! (8n0 : Nat ) P n0 ! P (1+ n0)) !
8n : Nat ) P n

Theconventionaltypeof primitive recursionmaybeshorter, but it is lessinformative.

8P ) P ! (Nat ! P ! P) ! Nat ! P

This typedoesnotconnecttheargumentsto thetasksthey serve,whereastheinductionprincipleis adependent
type which explains that a recursive computationfor n needsa methodfor 0 and a methodfor (1 + n 0).
Correspondingly, thesystemtransformsaprogrammingproblemsuchas

let x; y : Nat
x + y : Nat into a `computabilityproof' goal ? : 8x; y : Nat ) hx + y : Nat i

We readhx + y : Nat i as`x + y is computable'.If we attackthis goalwith induction,we acquiresubgoals
like these:

? : 8y :Nat ) h0 + y : Nat i
? : 8x0:Nat )

(8y :Nat ) hx0 + y : Nat i ) !
8y :Nat ) h(1+ x0) + y : Nati

Thesegoalstell usexactly the`left-handsides'for thesubprogramswhich therecursive strategy requires.
By usingdependenttypesto representprogrammingproblemsandprogrammingpatterns,we have acquired

aninteractiveprogrammingenvironmentfor thepriceof aninteractiveproofsystem.Thebasicconstructsof the
Epigramlanguagegivea `programming'presentationto thebasictacticsof thesystem.The( constructis just
McBride's `eliminationwith amotive' tactic[McB02a] whichsynthesizesanappropriatèP ' parameterfor any
induction-like rule.Thejscrutinee constructis just `cut'. Thedetailsof theprocessby which Epigramcodeis
elaboratedinto theunderlyingtypetheory—avariationof Luo's UTT [Luo94]—aregiven in [MM04]. Edwin
Brady's compilerfor UTT, whicherasesextraneousinformationat run time, is presentedin [Bra05].

The point is this: UTT is not our programminglanguage—UTTis our languagefor describinghow pro-
grammingworks. Epigramhasno hard-wiredconstructfor constructorcaseanalysisor constructor-guarded
recursion—thesearejust programmingpatternsspeci�edby typeandsuppliedasstandardwith every datatype
you de�ne. However, UTT typesareEpigramtypes,soyou arefree to extendour languageby specifyingand
implementingyour own patterns.Our typecheckingexamplein [MM04] is a derived caseanalysisprinciple
for expressions,exposingnot their syntax,but their typesor type errors.By making programmingpatterns
�rst-classcitizensvia dependenttypes,we raisethe level of abstractionavailableto programmersandprovide
interactive supportfor its deploymentatasinglestroke.

6.2 Programming Interactively

Theinterfaceto Epigramis inspiredby theAlf proofeditor[MN94], which introducedatype-directedstructure
editor for incompleteprograms.In Epigram's concretesyntax,a shed [ raw text ] may standin for any
subexpression.Theelaboratoris not permittedinsidea shed, sothetext it containsmaybeeditedfreely. There
aretwo basiceditingmoves—removing thebracketsto admit theelaborator(which will processasfar asany
nestedsheds)and placing brackets aroundan elaboratedsubexpressionto `undo' it and return it to a shed.
Correspondingly, thefull spectrumof interactivity is supported:anentireprogramcanbewritten(or, moreto the
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point,reloaded)insideashed,thenelaboratedin `batchmode';or asinglesyntacticconstructcanbeelaborated,
with shedsfor subexpressions.Theadvantagesof structureeditingareavailable,but thedisadvantagesarenot
compulsory.

The interactive developmentof a programis a kind of dialogue.The systemposestheproblems—theleft-
handsidesof programs.We supplythesolutionsby �lling in theright-handsides,eitherby directly giving the
program'soutput) t , or by invokingaprogrammingpatternwhichreducestheproblemto subproblemswhich
arethenposedin turn.Thereis adirectmappingfrom sheds[ � � � ] in sourcecodeto metavariables,?x in the
underlyingproof state—whenyou elaboratea shed,your codetriggersa re�nementof theproof state,andthe
resultingre�nementto thesourcecodeis readoff from thetypesof thesubgoals.Nothingis hidden—theproof
stateis recoverablefrom thesourcecodesimply by re-elaboratingit in asinglestep.

Our approachto metavariablesbasicallyfollows McBride's OLEG system[McB99]—metavariablesrepre-
sentnot only themissingcontentsof sheds,but alsoall theunknownsarisingfrom implicit quanti�cation.The
latterareresolved,wherepossible,by solvingtheuni�cation constraintswhichariseduringtypechecking—we
follow Dale Miller' s `mixed pre�x' approach[Mil92]. Epigramwill not guessthe type of your program,but
it will infer the bits of your programwhich the type determines.The Damas-Milnerapproachto type infer-
ence[DM82] is alive andwell andworkingharderthanever, eventhoughwe have dispensedwith theshackles
on programmingwhichallow it to becomplete.

7. Further Work

We have hardly started.Exploiting the expressivity of dependenttypesin a practicableway involves a wide
rangeof challengesin thedevelopmentof the theory, thedesignof language,theengineeringof toolsandthe
pragmaticsof programming.In thissection,wesummarizejusta few of them.

First-Class Modules. No programminglanguagecansucceedwithout strongsupportfor the large-scale
engineeringof systems.Dependenttypesystemsalreadyallow us to expressrecordtypeswhich packup data
structures,operationsover them—andalsoproofsof thepropertiesof thoseoperations.Manifestrecordtypes,
whichspecifythevaluesof someof their�elds, canbeusedto expresssharingbetweenrecords,andbetweenthe
theinputsandoutputsof record-transformingoperations[Pol00]. Epigram's �rst-classnotionof programming
patternallows an abstractdatatypeto offer admissiblenotionsof patternmatchingwhich hide theactualdata
representationbut areguaranteedto befaithful to it—we have Wadler's viewsfor free[Wad87].

We now needa practicaltheory of subtypingto deliver a suitableform of inheritance,and a convenient
high-level syntaxfor working with records.Our elaborationmechanismnaturallylendsitself to the approach
of coercive subtyping, wheresubsumptionsin sourcecodeelaborateto explicit coercionfunctions—typically
projections—intheunderlyingtheory[Luo97].

UniversePolymorphism. Whatis thetypeof types,andhow dowequantifyover themsafelyandconsis-
tently?In [MM04], we follow thepredicativefragmentof Luo's ExtendedCalculusof Constructions[Luo90],
installingacumulative hierarchyof universes?0; ?1; : : : eachof whichbothinhabitsandembedsin thenext, so
that?i : ?i +1 holdsandT : ?i impliesT : ?i +1 . As HarperandPollackhaveshown [HP91], theuserneednever
write a universelevel explicitly—the machinecanmaintaina graphof relative level constraintsandprotestif
any constructioninducesacycle.

This muchis certainlysafe,andit allows every type to �nd its own particularlevel—this is calledtypical
ambiguity. Thetroubleis that,asthingsstand,thereis nosatisfactorywayto de�ne datatypeconstructorswhich
operateat every level—this is calleduniversepolymorphism. A simpleexampleshows up if we have a list Ts
of elementtypes,andwe wantto constructthecorrespondinglist of list types

map List Ts

Thetypesin Ts live onelevel below thetypeof Ts, sowe needList to operateat both levels.Therehasbeen
somevery promisingtheoreticalwork in this area[CL01, Cou02] but again,a clearandconvenientdesignhas
yet to emerge.In theinterim,we have adoptedthecheapbut inconsistentfudgeof taking? : ?.
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Genericsand Re�ection. Any function T : U ! ? naturally re�ects a sublanguageor universe of
types—thosegiven by T u. We canthink of u asthe `name'of a type in the universe.If U happensto be a
datatype,we canwrite genericprogramswhich work for all the typesnamedby a valueu. PerhapsU is the
typeof regularexpressionsandT computesfor eachregularexpressionthetypeof its words,yielding regular
expressiontypes[HVP00]. PerhapsU representsacollectionof datatypeswith adecidableequality

eq : 8u : U ; x; y : T u ) x = y _ x 6= y

PeterMorris hasrecentlyimplementedexactly sucha genericequalityin Epigramfor theuniverseof regular
types[Mor05]. Dependentlytypedgenericprogrammingis a lively researcharea[AM03, BDJ03], inspiredby
thepioneeringwork on genericsin Haskell [BJJM98, HJL04, CHJ+ 01].

Alternatively, perhapsouruniverseU representsa classof decidablepropositions,equippedwith a decision
procedure

decide : 8u : U ) T u _ T u ! ?

Sucha procedurecould be usedto extend the elaborator's capacityto solve simple proof obligationsand
equationalconstraintsautomatically, following the lead of DML [XP99], but without wiring a particular
constraintdomaininto the languagedesignand the compiler. However, to make this work conveniently, we
needlanguagesupportfor thedeclarationof universes(U ; T ) whereU re�ects a given classof typesandT
is invertible by construction,enablingthe elaboratorto infer the appropriateu : U wheninvoking a generic
operation.

Observational Type Theory. The type of equalityproofsusedin an intensionaltheory like Epigram's
underlyingTypeTheory, is inconvenientwhenworkingwith in�nite objectslike functiontypesor lazy lists (co-
data).Weplanto overcomethis restrictionwithoutaffectingthedecidabilityof typecheckingby implementing
anObservationalTypeTheorybasedon [Alt99, Hof95].

Monadic interfaces to the real world. A dependentlytypedlanguageoffers theopportunityto develop
theideaof monadicIO further. Sucha monadicinterfacecomesin two guises:a static,denotationalsemantics
which canbeusedto reasonabouttheprogramsandanoperationalsemantics,which is employedat runtime.
This approachis not only relevant for IO, basedon [Cap05] we candevelop a partiality monadwhich allows
usnot only to implementbut alsoreasonaboutgenuinelypartialprogramslike interpretersor programson the
computablereals.

Refactoring. Epigram's re�nementstyle of editing supportsthe processof working from typesto pro-
grams,but it doesnot help with the inevitable iterationsof thedesigncycle, asour plansevolve. Indeed,it is
quitenormalto build up the index structurefor our in layers,aswe did for our sort example.Our interactive
editing technologyshouldsupporttheseprocessalso,allowing us to experimentat pushingdifferenttype re-
�nementsthroughour programs.We shouldbeableto try out theoptionswhich gave rise to the `openlower
bound'choicefor sortedlists.

More generally, we canseekto emulateexisting toolsfor refactoringevolving thedesignof datastructures
andprograms[LRT03], now in thecontext of a systemwhich supportsincompleteobjects.Thereis plentyof
scopeto develop tools which really re�ect the way mostprogrammerswork, iteratively improving program
attempts—goodideasoftencomeabit ata time.

8. Conclusions

This muchis clear:many programmersarealready�nding practicalusesfor the approximantsto dependent
typeswhich mainstreamfunctional languages(especiallyHaskell) admit,by hook or by crook.From arrows
andfunctionalreactive programming[Hug05, Nil05], throughextensiblerecords[KLS04], databaseprogram-
ming [BH04] anddynamicweb scripting[Thi02] to codegeneration[BS04], peopleare`faking it' any way
they canto greateffect. Eachlittle stepalongthe roadto dependenttypesmakes the taska little easier, the
codea little neaterandthe next improvementa little closer:the arrival of GADTs in Haskell is a joy anda
relief [PWW04].
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Now is thetimeto recognizethedirectionof thesedevelopmentsandpursueit by design,notdrift. In thelong
term,thereis a greatdealmorechaosandconfusionto befearedfrom fumbling throughtoday's jungleof type
classProlog,singletonsandproxiesthanfrom adependenttypesystemwhosecoreruleshavebeenwell studied
and�t on thebackof anenvelope.TheEpigramprojectis our attemptto plundertheproof systemsbasedon
TypeTheoryfor the technologythey canoffer programmers.It is alsoa platformfor radicalexperimentation
without industrialinertia—anattemptto discover in which waysdependenttypesmight affect theassumptions
uponwhichmainstreamfunctionallanguagedesignshavebeenpredicated.Wearehaving a lot of fun,andthere
is plentyof fun left for many moreresearchers,but wedonotexpectto changethemainstreamovernight.What
we canhopeto do is contributea resourceof experiments—successful or otherwise—tothisdesignprocess.

More technically, whatwe have tried to demonstratehereis that thedistinctionsterm/type,dynamic/static,
explicit/inferredarenolongernaturallyalignedto eachotherin atypesystemwhichrecognizestherelationships
betweenvalues.We have decoupledthesedichotomiesandfounda languagewhich enablesus to explore the
continuumof pragmatismand precisionand �nd new sweetspotswithin it. Of coursethis continuumalso
containsopportunitiesfor remarkableuglinessandconvolution—onecannever legislateagainstbaddesign—
but that is no reasonto tossaway its opportunities.Often, by bringing out the ideaswhich lie behindgood
designs,by expressingthethingswhichmatter, dependenttypesmake dataandprograms�t better.
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