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Abstract

We exhibit the rationale behind the designof Epigram, a dependentiytyped programminglanguageand
interactve programdevelopmentsystem,using re nementsof a well knovn program—maege sort—asa
runningexample.We discussts relationshipwith otherproposaldo introduceaspect®f dependentypesinto
functionalprogrammindanguagesndsketchsometopicsfor furtherwork in this area.

1. Intr oduction

Typesmatter That's whatthey're for—to classifydatawith respecto criteriawhich matter:how they should
be storedin memory whetherthey canbe safelypassedsinputsto a givenoperationevenwho is allowedto
seethem.Dependentypesaretypesexpressedn termsof data,explicitly relatingtheirinhabitantdo thatdata.
As such,they enableyou to expressmore of what mattersaboutdata.While corventionaltype systemsallow
usto validateour programswith respecto a x edsetof criteria,dependentypesaremuchmore e xible, they
realizea continuumof precisionfrom the basicassertionsve are usedto expectfrom typesup to a complete
speci cationof the programs$ behaiour. It is the programmes choiceto whatdegreehe wantsto exploit the
expressienesf sucha powerful type discipline.While the price for formally certi ed software maybe high,
it is goodto know thatwe canpay it in installmentsand that we arefree to decidehow far we wantto go.
Dependentypesreducecerti cation to type checkinghencethey provide a meando corvince othersthatthe
assertionsve make aboutour programsare correct. Dependentlytyped programsare, by their nature,proof
carryingcode[NL96, HST* 03].

Functionalprogrammer$ave startedo incorporatanary aspect®f dependentypesinto novel typesystems
usinggenerlizedalgebraic datatypesandsingletontypes Indeed we shareSheards vision [She04 of closing
the semanticgap betweenprogramsand their properties.While Sheards language mega approacheshis
goal by anevolutionary stepfrom currentfunctionallanguagedike Haslell, we are proposinga moreradical
departurevith Epigram,exploiting whatwe have learntfrom proof developmentoolslike LEGO andCOQ.

Epigramis a full dependenthtyped programminglanguagede ned by McBride and McKinna [MMO04],
drawing on experiencewith the LEGO system.McBride hasimplementeda prototypewhich is available
togethemwith basicdocumentatiofiMcB04, McBO05] from the Epigramhomepagé. The prototypeimplements
most of the featuresdiscussedn this article, and we are continuingto develop it to close the remaining
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gaps,improve performanceand add new features Brady hasimplementeda compiler [Bra05 BMMO04] for

the Epigramlanguage providing importanttechnologyfor producingef cient codefrom dependentlytyped
programs.

data where n_: Nat

Nat : 2 ——— 0: Nat 1+ n : Nat
data Order: ? where le;ge : Order
X :? X : X xs: ListX
data ListX : ? where nil : List X X 2 Xs @ List X
X;y : Nat
let order xy : Order order X y ( recx
order O y ) le
order (1+x% 0 ) ge
order (1+x9 (1+y9 ) order x°y°
let Xs;ys : ListNat
= merge xsys : List Nat
merge XS ys ( recxs
merge nil ys ) ys
merge (x:xs®) ys ( recys
merge (x :xs9) nil ) xs
merge (x :xs9 (y :ys9)| order xy
le ) x:merge xs°ys
ge ) y:merge xsys°
xs : List X
let deal xs : List X List X deal XS ( recx

deal nil ) (nil; nil)
deal (x:nil) ) (x:nil; nil)
deal (y : z : xs)| deal xs
(ys; z8) ) (y:ys; z:2z9)

xs : List Nat
let sort xs : List Nat sort xs (- general

deal xs
(ys; nil) ) ys
(ys; z:zs) ) merge (sort ys) (sort (z : zs))

Figure 1. Merge-sortgenerally

In thisarticlewe exhibit therationalebehindEpigrams designusingre nementsof awell knowvn program—
meige sort—asa runningexample.Our startingpointis the implementatiorshavn in Figurel: it is writtenin
Epigram but it couldhave beenwrittenin ary functionallanguageWe startby revisiting thequestiorof totality
versuspartiality in section3, shaving how sort canbe madestructurallyrecursve. Section4 continuesby
addressinghe problemof how to maintainstaticinvariantswhich s illustratedby implementinga sizedsort .
In section5 we how to usedependentypesto maintainstaticinvariantsaboutdynamicdata,whichis illustrated
by implementinga versionof sort which certi es thatits outputis in order We look behindthe curtainsof the
Epigramsystemin section6 anddiscusshow dependentypessupportan extensiblesystemof programming
patternsvhichinclude,but arenotrestrictedo, constructocaseanalysisandconstructoguardedecursionwe
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alsodiscusghedesignof theinteractve aspecbf the Epigramprogrammingervironment.Finally, we describe
areaof furtherwork in 7 andsummarizeour conclusionsn section8.

Beforeembarkingon this programmeet's quickly describeEpigram$ syntax(which may look unusualto
functionalprogrammersvho have grown up with language$ike ML or Haslell), takingourimplementatiorof
meige sortasan example.Epigramusesa two-dimensionakyntaxfor declarationsbasecn naturaldeduction
rules, a choicewhich pays off oncetype dependenciebecomemore intricate. E.g. the declarationof the
constructorl+ for thedatatypé Nat is equivalenttowriting 1+ : Nat ! Nat. Theconclusiorof adeclaration
visualizesits use—thisis importantbecausgarametersf any type canbeimplicit in Epigram.For example,
whendeclaringnil we do not declareX —Epigram gures outfrom its usagethatit mustinhabit?, the type of
typesandinternallycompleteshedeclaration

X :?
nilxy : List X

Whenpresentedvith nil, Epigramusesthe well knowvn technologyestablishedy DamasandMilner [DM82]
to gure outthevalueof thisimplicit parameteWe canalsomake animplicit parameteexplicit by writing it
asasubscriptgg., nilyae : List Nat.

Epigramprogramsaretree-structuredeachnodehasa “left-handside' indicatinga programmingproblem
anda ‘right handside' indicatingeitherhow to solwe it outright by returninga value,) t () is pronounced
“return'),or how to reducat to subproblemsy deplo/ing aprogrammingpatternindicatedoy the(  symbol((
is pronouncedby'). Programmingpatterngncludestructuralrecursionjike recx in order , generalrecursion
andalsocaseanalysis We suppressionemptycaseanalysedor the sale of brevity—they canberecoseredby
the standardalgorithm[Aug895]. If, asin themerge function,we needto analysetheresultof anintermediate
computationyve bringit to theleft with thejcdots construct(j is pronouncedwith’). 2 Here,order decideghe

relation,returningavaluein theenumeratiorOrder.

We have givena completeprogram but Epigramcanalsotypecheckandevaluateincompleteprogramswith
un nished sectionssitting in sheds [ ], wherethe typecheckr is forbiddento tread.Programscan be
developedinteractvely, with the machineshawing the available context andthe requiredtype, wherever the
cursormaybe.Moreover, it is Epigramwhich generatetheleft-handsidesof programdrom typeinformation,
eachtime a problemis simpli ed with (  ontheright.

2. RelatedWork

Dependentypesare a centralfeatureof Martin-Lof's Type Theory[ML84, NPS90],integrating constructre
logic and stronglytypedfunctional programming.Type Theoryandits impredicatve extension,the Calculus
of Constructionsinspiredmary type-basegroof systemssuchasNUPRL [CAB * 86], LEGO [LP92] andthe
widely usedCOQ [Tea04. Magnussors ALF system[MN94] was not only the rst systemto implement
inductve families [Dyb91] and pattern matchingfor dependentypes[Coq99 and it also pioneeredthe
interactve style of type-driven programandproof developmentwhich inspiredEpigram.

Xi andPfennings DML (for DependenML) [XP99] wasanimpressie experimentin exploiting dependent
typesfor arealfunctionalprogrammindanguageDML, like otherAppliedTypeSystem§Xi04], separatethe
world of indexing expressionsandprogramstherebykeepingtypesunafectedfrom potentiallybadly behaed
programs.n contrastto DML, Augustssors implementationof the CayenndanguageAug98], which also
inspiredthe AGDA proof system[CC99, usesfull dependencanddoesnt differentiatebetweenstaticand
dynamictypes.

2While thedeclaratiorof Nat providesa corvenientinterfaceto thetype of naturalnumbersthereis no needto implementthemusing
aunaryrepresentatiomternally Moreover, we shallalsoexploit the syntacticconvenienceof usingthe usualdecimalnotationto refer
to elementf Nat.

3Thecurrentprototypedoesnt yet supportthe suppressionf caseandit doesnt implementhej notation.As a consequencits codeis
moreverbose.
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Nestedtypesprovide a poor man’s approachto mary indexed datastructuressuchas squarematricesor
well scoped -terms,e.g.see[Hin01]. McBride suggeste@ moregeneralapproactiMcB02b], exploiting that
Haslell's classsystenprovidesastaticlogic programmindanguageHaving realizedthepower of indexeddata
structuresCheng andHinze[CHO3] proposedo extendthetype systento introducea rich languageof index
expressiondeadingto genearlized algebraic datatypeq GADTS), which are basicallyinductive familiesin a
programmindanguagesetting[She04 PWWO04].

3. Why we are Partial to Totality

A popularmyth, still to befoundin learnedarticlesandrefereereportson grantapplicationsjs thatdependent
typesand generalrecursiondo not mix. This is a misunderstandingput it's an understandablene. Let us
examinethefacts,beginningwith thetyping rule for application:

f:8x:S) T[x] s:S
fs:TJs]

It's clearfrom the premiseghat, asever, to checkan applicationwe needto comparethe function domain
and the agumenttype. It's also clear from the rule's conclusionthat thesetypes may containexpressions.
If computationis to presere typings,thenf (2+2) shouldhave the sametype asf 4, soT [2+ 2] mustbe
the sametype asT [4]. To decidetypecheckingwe thereforeneedto decidesomekind of equivalenceup to
computationTherearevariousapproacheso this problem.

The totalitarian approach. Someproof systemsbasedon intensionaltype theory including Cog and
Lego, forbid generalrecursion.As all computationgerminate,equality of typesis just syntacticequality of
their normalforms. Decidability of typecheckings a consequencdyut it's not the primary motivation for this
choice.As a proof method,generalrecursionis wholly bogus—itstype,8P ) (P! P) ! P is ablatant
lie. Generakecursionnon-exhaustve patternsandothersuchnon-totalprogrammingeaturescompromiseghe
logical soundnessf a proof system.Trustis moreimportantthanterminationin proof checking.

Of course,even in the absenceof generalrecursion,it's possibleto write programswhich take a long
time—e.g.checkingall the basic con gurations of four-colouring problems.That doesnt make dependent
typecheckingnecessarilyintractable:the compleity of the programsin typesis entirely controlled by the
programme#-the moreyou say the moreyou pay, but themorealsoyou canberepaidin termsof genericity or
precision,or brevity. GeogesGonthiers proof of the four colourtheorem{Gon04 is madetractableby type-
level computationpecausét lets him avoid generatingandcheckinga separatgrooffor eachcon guration—
thelatterapproachwould have involved atleastasmuchwork for the computeranda greatdealmorework for
Geoges!

The libertarian approach. It's reasonabléo allow arbitraryrecursionin type-level programs provided
you have somesort of cut-of mechanismwhich interruptsloops whenthey happenin practice.This is the
approachtaken by the Agda proof system,Cayenneand by Haslell with “undecidabldnstances'—HasiI's
overloadingresolutionamountgo executinga kind of “‘compile-timeProlog'. Agdarestoredogical soundness
by a separateerminationcheck,performedafter typecheckingThe basicpoint is that you includerecursve
programsn typesat your own risk: mostlythey're benignandtypecheckindbehaessensibly

Thelegendary loopiness'of dependentypecheckingtemsrom the particularway the libertarianapproach
wasimplementedn Cayennelt's perfectlyreasonabléo implementrecursionvia xpoints in the value-only
run-timesof functionalprogrammindanguageshut LennartAugustssors attemptto lift thisto theopenterms
usedin dependentypecheckinghadan unintendecconsequence—wheaven a structurallyrecursve function
is stuckon a non-constructomput, you canstill expandthe xpoint, potentiallyputtingthe systeminto a spin:
thisis intolerable but it' s not inevitable,asthe other’libertarian' systemsave shavn.

Thepragmaticadwantageof libertarianismis thatwe don't have to carewhy a progranmworksin orderto start
playingwith it—it seemsa shameo bancertainprogramsat run-timejustto protectourselhesatcompile-time.
However, it alsoseemsa shameo forsale the certaintiesvhich totalitarianismsupports.
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The mixed economy As both of the abore have their merits,it seemssensibleto supportboth, aslong
asprogramsare clearaboutwherethey stand.Dependentypescanbe usedto expressschemef recursion
in the form of induction principles, such as constructoiguarced recursionfor a given inductive datatype.
In Epigram, programsinvoke recursionschemesexplicitty—each recursve call must be translatableto an
‘inductive hypothesis'arising from sucha schemeAny programwhich emplgs only constructoguarded
recursionpor somefancierschemedervedtherefrom,is guaranteedo betotal.

However, generalrecursionalso takes the form of an induction principle (with a particularly generous
inductie hypothesis)We canmalke generalrecursionavailable,but only by explicit appealto this principle.
If we suppresshe compile-timecomputationabehaiour of generarecursionwe canpresere decidabilityof
typecheckingleaving computatiorby explicitly total programsactiated.

This opensa rangeof possibilities,asshavn by the implementatiorof meige-sortshavn in gure 1. The
order ing of the naturalnumberswith respecto  is aone-stegonstructoguardedecursion.To merge two
sortedlists, we needa combinationof one-steprecursionon eachargument—foreachsuccessie elementof
the rst list, we stepalongthesecondist until its rightful placeappearsThedeal ing outof alist into two lists
of (roughly) half the lengthhereexploits a two-steprecursion put this still ts within the constructoiguarded
schemendicatedby the keyword rec However, sort performsa peculiarrecursiorvia deal —it's not obvious
yethow to justify this, sofor now we give up andusegeneral®

This approaclrules nothingout, but it still allows usto obsere guaranteedotality wherewe canseethe
explanation.Thenotationaloverheads notlargeandcouldbereducedstill furtherif we wereto installanAgda-
style terminationchecler, inferring simple explanationsvhenthe useromits them.We could go even further,
pushingthe total-versus-generalistinctioninto typesby treatinggeneralrecursionasan effect which we lock
away safelyin a monad.For practicalpurposesye shouldneeda betternotationfor monadicprogrammingn
thefunctionalstyle.Both of theseareactive topicsof research.

3.1 Totality is Goodfor morethan the Soul

Thewarmfuzzy feelingyou getwhenyou've persuadegour programto live in atotal programminganguage
shouldnotbeunderestimatedt' s a strongstaticguarantee—youaansaythatyou've written a functionwithout
having to pretendthat? is avalue.But warmfuzzy feelingsdont paytherent: whatarethe practicalbene ts
of virtue?

RandyPollackhasoftensaidto us the point of writing a proofin a stronglynormalizingcalculusis thatyou
dont needto normalizeit'. Whenyou have anexpressiorof agiventypein atotallanguageyou canguarantee
thatit will computeto avalue:if you don't carewhatthatvalueis—asis usuallythe casewith a proof—you
have no needto performthe computationNow we know thatwe canintegrateproofsof logical propertiegnto
our programsat no run-timecost

Thisis particularlyimportantwith proofsof equationsEqualityis de ned asfollows:

data S-S t: T

s=t:7? mre t=t

An equatiorbetweertypesinducesa coercionfrom oneto the otherwhichis trivial if theproofisre .

Q:S=T s:S
let fOgs . T fregt ) t
In a partial setting,we needto run Q to checkthatit's re , becausdrustinga falseequation(like Nat =
Nat ! Nat) inducesa run-time type errot When Q is total, the compiler can erasef Qg. Contrastthis

with the proposalto representype equationsn Haslell by isomorphismse.g.[BS02], — eventhoughgood
programmersiwaystry to ensurethatthesefunctionsturn out at run-timeto be functorialliftings of id , there
is noway to guaranteghis to the compiler sotheisomorphismsnustactuallybe executed.

4To seehow subtlethejusti®cationcanbe, try swappingthe caseanalysison deal xs sothepatternsare(nil; ys) and(z : zs; ys).
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Moreover, anoptimisingcompilercanexploit totality in varioususefulways.Theevaluationstratgy of atotal
programis irrelevant,sothey canberunasstrictly or lazily asa heuristicanalysismight suggestOptimisations
like replacingfoldr with foldl , which only work with nite values,canbe appliedsafely Specialisatiorby
partial evaluationis untroubledby ? . Furtherthe explicit markingof a programasstructurallyrecursve is a
clearinvitation to applyfusiontechniques.

All in all, thereis no blissto be hadfrom ignoranceof totality; thereis no disadwantageto wisdom.

3.2 DefusingGeneral Recursion

A recursve function which happengo be total will generallyexploit somesort of structure but perhapsot
the “native' structureof its inductive agumentsThetotality of the functioncanbe madeclearif thatstructure,
whatever it is, canbebroughtinto the openandexpressednductively.

A typical “divide and conquer' recursionoften becomesstructuralby introducing an intermediatedata
structurewhich representshe division of the input, built by a processof insertion,and collapsedstructurally
by “conquering'. This intermediatedatastructurethuscorrespondso the control structurebuilt by the original
recursionwhich canbereconstructedy fusingthe building with the collapse.

As David Turnerobsered[Tur95, defusingquick-sortexposeghebinarysearchreestructure Thestandard
exampleof a non-structuraprogramis actuallytree-sort—Rodurstall's rst exampleof a structuralprogram
[Bur69]!

We play the samegamewith meige-sortin gure 2. The “divide' phasedealsout theinputto eachsortinto
two inputsfor sub-sortroughly) half the size; the "conquer'phasemegesthe two sortedoutputsinto one
(roughly)twice the size.If we build a treerepresentinghe sortingprocessesye nd thateachnodedealsits
inputsfairly to its subnodeswith theleaveshaving noneor one.

data =—————~ where

Parity : ? —— pO;pl : Parity
X :? X X p: Parity I;r : DealT X
data DealTX : ? where empT : DealT X leafT x : DealT X nodeTplr : DealT X
X : X t:DealTX ;
let insertT xt : DealT X msertT x t ( rect
insertT X empT ) leafT x

insertT x (leafTy) ) nodeTpO (leafTy) (leafT x)
insertT x (nodeTpOlr) ) nodeTpl(insertT x1)r
insertT x (nodeTpllr) ) nodeTpOl (insertT X r)

XS : List X dealT

dealT xs : DealT X xs ( recxs

dealT nil ) empT
dealT (x :xs) ) insertT X (dealT xs)

t : DealT Nat
= mergeT t : List Nat

mergeT t ( rect

mergeT empT ) nil

mergeT  (leafTx) ) x:nil

mergeT (nodeTplr) ) merge (mergeT I) (mergeT r)

let XS : List Nat

let it xs © ListNat SOt ) mergeT  dealT

Figure 2. Merge-sortstructurally(with merge asbefore)
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Correspondinglya "dealing'is a binarytreewith leavesof weightzeroor one,andnodesoff balanceby at
mostone—if we keepa parity bit at eachnode,we shallknow into which subnodehe next elementshouldbe
dealt.In effect, we defusethe generalrecursionasa compositionof folds, with “divide' replacing[nil; (z)] by
[empT;insertT ]and conquer'(mergeT ) replacinglempT,; leafT; nodeT] by [nil; (z nil); p) merge].

Of course thereis no panaceathereareall sortsof waysto write programswhich concealthe structures
by which they operate A dependentype systemprovides a rich languageof datatypesn which to expose
thesestructures—othesxamplesncludeevaluationfor thesimplytyped -calculuswith primitive recursioron
Nat, which givesa denotationakemanticgo bothtypesandterms,and rst-order uni cation, which combines
recursionon the numberof availablevariableswith recursionon termsover thosevariables.

If you careabouttotality, it's often easierto write a new programwhich works with the relevant structure
thanto write a proof which nds the structurewhich a generalprogramis hiding. The bestway to tidy up the
messis notto make it in the rst place,if you canpossiblyavoid it.

4. Maintaining Invariants by Static Indexing

An importantaspeciof mary recentandinnovative type systemss the ideaof indexing datatypesn orderto
expressandenforcestructuralinvariants.Thereare variouswaysthis canbe achieved: in Epigram,we de ne
datatypefamiliesin thestyleof the Alf systen{Dyb91]. A goodintroductoryexampleis givenby thevectos—
lists indexedwith their length.

X : X Xxs:Vecn X

n:Nat X :? _ :
vnil : VecO X vconsx xs : Vec(1+n) X

Vecn X : ?

data where

Caseanalysisoninductive families[Cogq99 involvesunifyingthetypeof the scrutineewith thetype of each
possibleconstructompattern—thosgatternsor which constructorslasharerejectedasimpossible asin this
notoriousexample:

xs : Vec(1+n) X
vtail xs : Vecn X

let vtail (vconsx xs) ) Xs

Vectorsadmitoperationsvhich enforceandmaintainlengthinvariants suchasthis “vectorizedapplication':

fs:Vecn (S! T) ss:VecnS
fs @ss: Vecn T

fs @ss ( recfs
vnil @ vnil ) vnil
veonsf fs°@vconss ss® ) veons(f s) (fs9@ ssf)

let

Sometimeswe needsomeoperationn the indicesin orderto expressthe type of anoperationon indexed
data.Concatenatingectorsis a simpleexample

@H m+n ( recm
' 0 +n) n
(1+ m9%+n) 1+ (m°+ n)
|ﬂxs:VecmX ys : Vecn X xs+ys ( recxs

++ Y, +n) X ,
XS ys : Vec(m + n) vnil ys) ys

veonsx xs®++ ys ) vconsx (xs®++ ys)

Note the importanceof the index uni cation in the above example—its the instantiationof the rst argu-
ments lengthwith 0 or (1+ m9 which enableghe lengthof the concatenationo computedown to the length
of thevectorswe actuallyreturnin eachcase.
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Thefactthatthe lengthis somekind of dataallows us to write genericoperationsy computationover it.
This examplecomputesa constant/ectorof therequiredsize.

let x_: X

= vecy X : Vecn X vecn x ( recn

Vecy X ) vnil
VeC(1+ no X ) veonsx (VechoX)

We write vec's lengthamgumentasa subscriptto indicatethatit is usuallyto beleft implicit whenthevec
functionis used For example we canmapafunctionf acrossavectorxs justbywriting vecf @ xs, becaus¢he
typeof @ will requirethe outputof vec to have the samelengthasxs. Thetechnologywe have inheritedfrom
DamasandMilner is now beingusedto infer valueparametersswell astypes.The behaioursof vec and @
combinecorvenientlyto give us "vectorizedapplicatve programming'with sizeinvariantsquietly maintained:
transpositiorshavs thisin action.

let xij : Veci (Vecj X)
= xposexij : Vecj (Veci X)

xposexij ( recxij
Xp ose vnil ) vecvnil
xp ose (veonsxj xif) ) vecvcons@xj @ xposexif

4.1 Static Indexing and Proofs

In our de nition of ++ , we werelucky—the computatioron the vectorswasin harmory with thecomputation
onthenumbersWe arenotalwayssolucky—if wetry to reverseavectorby the usualaccumulatinglgorithm,
we kick againsthe computationabehaiour of + andthe obviousprogramdoesnottypecheck.

xs : Vecm X ys : Vecn X
— vrevacc xsys : Vec(m + n) X

vrev acc xsys ( recxs
vrev acc vnil ys) vys

vrev acc (vconsx xs9 ys )  |vrev ace xs°(vconsx ys)

Thetroubleis thatthe shadedxpressiorhaslengthm®+ (1+ n), andwe requirealengthof 1+ (m%+ n),
wherexs® andys have lengthsm®andn respectiely. The fact thatthesetwo lengthsare the samedoesnot
follow directly from applyingthe computationabehaiour of + , ratherit's analgebraigropertyfor whichwe
canoffer aninductive explanation.

let plusSuc mn : m+ (1+ n) = 1+ (m + n)

plusSuc mn ( recm
plusSuc 0O n) re

plusSuc (1+ m9 n ) [plusSuc m°

ni

We write [qi for the proof of anequationp[s] = p[t] whereq : s = t andhg] for the symmetricproof of
p[t] = p[s] Oncewe have this proof, we can x ouraccumulatingeverse:

let _ XS Vecm X ys : Vecn X
— vrevacCmp Xsys : Vec(m + n) X

vrev acc xsys ( recxs
vrev acc vnil yS ) ys
VIeV acC(1+ mo n (VCONSX xs9) ys ) f[plusSuc m°nig vrev acc xs°(vconsx ys)

It is perhapaot surprisingthatto nish the job, we needanothedlemma(whoseproof is anunremarkable
induction):
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let plusZero n :n+ 0=n

xs : Vecn X

let vrev , Xs : Vecn X

vrev , xs ) f[plusZero nig vrev acc xs vnil

Aswe have alreadymentionedtheseproofsareeraseditrun-time—theironly roleis to make thetypecheckr
aware of morethanit can gure out by computationalone.Perhapst's undesirabldo “repair' programswith
proofs—ourvrev is certainlymoretroubleto write thanthereversalof anunsizedist, but thisis justthework
which hasto be doneif youwantto know thatlengthis presered. If we don't care,we don't have to work so
hard—wecouldjustreturnavectorof someength,ratherthanthe sameength:

xs : Vecm X ys . Vecn X
= wvrevacc’xsys : 9 ) Vecl X

vrev acc®xsys ( recxs
vrevacc®  vnil ys) ys
vrev acc® (veonsx xs9 ys ) vrev accOxs? (vconsx ys)

The notion of “'somelength’ is expressedvia an implicit existential9, ) Vec| X. Thevectoris pacled
(inferring the witness)and unpacled (discardingthe witness)automatically It allows us to recover a less
dependentype by hiding anindex—herewe recover ordinary lists. We canwrite the old programswith the
old precisionjustaseasilyasbefore.

As with totality, we have enoughlanguageto negotiate a pragmaticcompromise adoptingmore precise
methodsvherethegainis worththework. Themoreprudentcourse perhapsis to try to make theunremarkable
proofsascheapaspossible Xi andPfennings approaclof equippingthetypecheckr with decisionprocedures
for standardproblemclasseds a greathelp in practice:DML hasno dif culty dischaging the elementary
propertieof + we requiredabove. We shouldcertainlyemulatethis functionality

4.2 SizedMerge-Sort

We canprovide amoresubstantiaéxampleof “the pragmaticof precision'by rolling outsizeinvariantsacross
our developmentof merge-sort.We shallreplacethe lists by vectors,andwe shall seekto ensurethat sorting
preseresthelengthof its input.

How will sizingaffectmerge ? Theoutputlengthshouldbethesumof theinputlengths.

xs : Vecm Nat ys : Vecn Nat

let merge m n Xsys : Vec(m + n) Nat
merge XS ys ( recxs

merge vnil yS ) ys

merge (vconsx xs9 ys ( recys
Merge (1+ mo o (vconsx xs9 vnil ) fhplusZero (1+ m9]gxs
Merge (1+ mo (1+ noy (veonsx xs) (vconsy ys9

order xvy
le ) vconsx (merge xsPys)

ge ) vconsy (fhplusSuc m®n]g merge xsys9

We shallalsoneedto addsizesto our intermediateDealT datastructure. The sizesfor empT andleafT are
obviousenoughput whataboutnodeT? A usefulclueis providedby thebalancinginvariantwhich our program
preseres—thesizeof theleft subtreds eitherequalto thatof theright subtreeor just onemore,dependingn
the parity bit. Let's write thatdown (we usedecimalsto abbreiate numericalconstants):
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pL) 1
n:Nat X :7? X X
data DealTn X : ? where empT : DealTOX leafTx : DealT1X

p: Paity | :DealT(p+n)X r :DealTnX
nodeT, plr : DealT((p+ n)+ n) X

Thereis morethanoneway to write down the sizeof a nodeT.®> The choicewe make hereis motivatedby
themergeT operationwhich now hasamoreinformatie type:

t : DealTn Nat

let mergeT t : Vecn Nat
mergeT t ( rect
mergeT empT ) vnil

mergeT  (leafTx) ) vconsx nil
mergeT (nodeTplr) ) merge (mergeT |) (mergeT r)

We simply chosethe returntype for nodeT which madethe old codefor mergeT go throughasit stood,
giventhe new type of merge ! Of course we shall pay whenwe cometo write insertT —uwe could shift the
burdenthe otherway by takingthesizeof anodeTtobep + n 2.

X t:DealTnX

let —X_ .
insertT xt : DealT (1+ n) X
insertT X t ( rect
insertT X empT ) leafT x

insertT X (leafTy) ) nodeT pO (leafT y) (leafT x)
insertT x (nodeTpOlr) ) nodeTpl(insertT xI)r
insertT x (nodeT, pllr) ) f[plusSuc n nig nodeT(; ny POI (insertT xr)

Thedamages nottoo bad—wejusthave to appeato algebraigropertieof + |, to shav thattheconstructed
treeof size(1+n) + n ts theconstraintl+ (n + n). ThisleavesdealT andsort with new types but basically
thesamecode:

xs : Vecn X dealT

let dealT xs : DealTn X

XS ( recxs
dealT vnil ) empT
dealT (vconsx xs) ) insertT x (dealT xs)

xs : Vecn Nat

let sort xs : Vecn Nat

sort ) mergeT dealT

It seemsappropriatatthis pointto emphasizéheimportanceof feedbackrom thetypecheckr whendoing
a developmentlike this. It's the typecheckr which tells you which lemmasyou needandwhereyou needto
insertthem, andit's the constraintswhich arise during typecheckingwhich tell you how to engineera data
structures indicessothatits operationgypecheckvherepossible Thecomputationatoincidencebetweerthe
indiceswe encountearereally a matterof care,notluck.

®Indeed theabove doesnot ensurethatthe subtreef a nodearenonemptybthisanbe doneby replacingn with (1+ n 9 in thetype
of nodeT.
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4.3 A Questionof Phase

In oursortingexample thenaturalnumberdNat areplayingtwo separat@arts—dynamicallythey representhe
databeingsorted;statically they give sizesto the datastructuresnvolvedin the processAll the caseanalysis
happensvertheindexeddatatypestatherthantheindicesthemseles,sothereis no needfor sizesatrun-time.
It wouldappeathat,in thisexampleatleast thedataon whichtypesdepends entirelystatic.Althoughwe need
somethindik e the naturalnumberswithin the languageof types,shouldit be the naturalnumbersPerhapst
would be simplerif, aswell asthe naturalnumberstherewassomethingelseexactly like them.

It'snotasridiculousasit soundsit enablesisto keeptheworkadaytermlanguageout of types,allowing de-
pendeng only onthestaticthings.This keepsthetype/termdistinctionin alignmentwith the phasedistinction,
separatindghestatic8 from thedynamic! , eachwith their own distinctnotionsof abstractionapplicationand
now of datatype.

Of course,static datatypesare not quite enough:our DealT datatypefamily relies on operationssuchas
+ . We needstatic functionsover static data,togetherwith the associategartial evaluationtechnology We
needto nd designcriteriafor this emeging staticprogrammindanguageWill all our staticdatastructurese
monomorphicDo we believe thatstaticdatawill never needto beindexeditself? It would be bold to imagine
that "yes' is the answerto thesequestions At what point will we stop extendingthe staticlanguagewith a
replicaof thedynamiclanguage?

We're beginning to seemore and more of the samephenomemahawving up on either side of the phase
distinction;we're even bgginning to seethe potentialemegenceof a phasehierarchy. Occams razorsuggests
thatwe shouldunderstanddata' and function' once regardlesof phasesincethe phasedistinctionno longer
distinguishesvherethesenotionsarise.

But Occams razoris a subjectve instrument,so we cannotpresumethat otherswill cometo the same
judgmentas ourseles. We can, however, examinethe impactof the underlyingpresumptiorthat "the data
onwhichtypesdepends entirelystatic'.

5. Evidenceis About Data; Evidenceis Data

Typesystemsvithoutdependencondynamicdatatendto satisfythereplacemenproperty—ag subepression
of awell typedexpressioncanbereplacediy analternatve subexpressiorof the sametypein the samescope,
andthe whole will remainwell typed. For example,in Java or Haslell, you canalways swap the then and
else branchesof conditionalsand nothingwill go wrong—nothingof ary static signi cance, aryway. The
simplifying assumptions thatwithin ary giventype,onevalueis asgoodasanotherThesetype systemshave
no meansto expressthe way that different datameandifferent things, and shouldbe treatedaccordinglyin
differentways.Thatis why dependentypesmatter

More speci cally, we have seenhow the apparatuf dependentypescanbe usedto maintainthe length
invariantin our sortingalgorithm,but thatthe lengthcanessentiallybe regardedasa prior staticnotionwhich
thecodemustrespectlynamically Whatif we wantedto guarante¢hethe outputof our sortingalgorithmisin
order?Theorderis nota prior staticnotion—thatis why we needa sortingalgorithm—theorderis established
by run-timetestingof the dynamicdata.Canwe obsere this fact statically?As thingsstand,Order doesnot
matter:we canswap aroundthe le and ge outputsof our order testwithout affecting the well typednesof
merge . How canwe make Ordermatter”By makingOrderadependentype!

5.1 Evidenceof Ordering

We replacetheuninformatve type Orderby aninductive family with Orderx y expressinghatx andy canbe
orderedandeachpossibilitycanbe establishedvith evidence

data >)<(y7yl\la?t where
X;y : Nat xley : x vy ylex iy X
data Orderxy : ? where lexley : Orderxy geylex : Orderxy
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We shallgive its constructorshortly First,let usseewhathappengo theorder test—fora start,its type
now tells uswhatits outputsaysaboutits input! We provide emptysheds[] whichwill becompletedoncewe
have decidedhow to represent proofs.The freedomto delayimplementatiordecisionswhile type checking
therestof the codeis anessentiafeatureof Epigramwhichwe furtherelaboraten the next section.

let order xy : Orderxy

order X y ( recx

order 0 y ) le]]

order (1+x9 0 ) ge[

order (1+x9 (1+y9| order x%y°
lexfey® ) le ]

geyfex? ) ge ]

Thisprogramis almostasbefore gxceptthatwe cannotpasgherecursve call backdirectly—itis theordering
of x%andy®, butwe needto ordertheirsuccessordVe cantreatthis partialprogramasaclueto goodconstructors
for . Whatshouldwe wishthemto be?Well, our rst [] requiresaproofthat0 vy, soletushave

le0: 0 vy

Actually, thatwill alsosatisfyourseconc[] , which needsaproofof 0  (1+x9. Ourthird [] requiresus
to establish(1+x9  (1+y9, givenxfey® : xO yO andthefourth [] is similar, solet ushave

xley : x 'y
leSxley : (1+x9) (1+Yy9Y

Thetwo seemlike areasonablele nition of , andthey certainlyenableusto Il in our [] s.

let - order X y ( recx
order xy : Orderxy order 0 vy ) lele0
order (1+x9 0 ) gele0
order (1+x9 (1+y9 | order x°y°
lexfey® ) le(leSxfey9
gey¥ex® ) ge(leSyfex9

WhathashappenedereWe startedwith a programwhich did the right thing but did not sayso. It should
be no surprisethatwhenwe try to make this programsaywhatit doeswe learnhow to saytheright thing.

However, someof you may be wonderingwhetherit is worth sayingthe right thing, if it meansspending
heapon this datastructureof evidenceandlosingthetail-call optimisationinto the baigain. Fortunately our
type hasthe propertyof beingcontent-fee [BMMO4]: justaswith = , for ary givenindicesx andy, x vy
containsat mostonevalue,sothe evidencecanbe erasedt run-timeandthe tail-call restored Moreover, it is
noaccidenthat is content-freeour methodof packingup the casesrisingensuredhatleOandleScovered
distinctindices,andthattheindicesof ary recursve proofsweredeterminedn turn.

Justto besure let uscheckthat is atotal ordering—gvenorder , we justneed
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let leRe ( recx
= leRe x : x X x —
X leRe o ) le0
leRe (14 49 ) leSleRe yo
Xley: x y ylez:y z
let leTrans xleyylez : x z leT rans Xley ylez  (* recxley
leT rans le0 ylez ) le0

leTrans (leSxleyY (leSylez ) leS(leTrans xleyylez9

let xley : x y ylex:y
let X =

[eASym xley ylex : leASym xley ylex ( recxley

leASym le0 le0 ) re
leASym (leSxley9 (leSylex9 ) [leASym xley®ylex4

X
y

As it happensthesepropertiesof — arenotnecessaryn orderto implementsorting. To be surethatalist is
sorted youneedatleastto have checledthateachadjacenpairis in order—thatit' slocally sorted It'snothard
to seethata list canalwaysbe locally sortedwith respecto ary binary relationwhich alwaysholdsoneway
aroundor the other(wheninsertinga newv elementjf it ts nowherebeforetheend,thenit must t attheend).
Of courseknowing thatit is alsoa partialorderenhancesvhatyou candeducerom alocally sortedlist.

5.2 Locally SortedLists

How shallwe de ne locally sortedlists?We shallclearlyhave to index lists with somesortof intenal, but there
areseveralwayswe mightdoit: oneboundor two? openboundsor closedbounds?As with the designof the
sizedDealT, we shouldtake careto ensurehatthe decisionleadsto operationsvhich areascleanlyde ned as
possible For pedagogicapurposesye shall sortlists ratherthanvectors—sizingandsortingareindependent
re nementsof thelist structure. We do not verify the factthatthe resultinglist is a permutationof the input
here.

Onebound or two? In orderto doa cons',we shallcertainlyneedto know thatthe headandthetail are
suitablyordered sothetail will requirealower bound.Meanwhile,merge malkesno restrictionshetweerthe
boundsof its inputs—onlybetweertheinput boundsandthe outputbounds Thatsuggestshatwe cangetaway
with alower boundfor this example.Of course|f we wantedto concatenatesortedlists (in analgorithmbased
on pivoting, say),we shouldneedupperboundsioo.

Openor closed? It is perhapsalittle tricky to give a preciselower boundfor the emptylist—we could
malke a bound elementdifted with 1 * andlift  accordingly:

b : Lifted Nat
data “risth : 7

X : Nat xley : x 'y xs: ClListy

where cnil : CList1 cconsx xley xs : CList (lift x)

Thelifting is notabig issuehere—weonly getaway without 1  becauséNat stopsat 0. The advantageof
this de nition is its precision:eachlist is assignedts tightestbound.The disadwantageof this de nition is also
its precision—wherwe aremakinga CList, we musteitherspecifyits lower bound(eg., sort is boundedby
min ) andsatisfythatspeci cation,or say don't care'with anexistential.But we do care! Therecursve calls
in merge cant have ary old lower bound—thdower boundof thetail mustbeat leastthe head!

The factthatwe canassignclosedboundsto sortedlists doesnot necessarilynake thema goodchoicefor
atype, becauseave alsoneedto prescribeboundsWe canusuallythink of anopenbound,evenif it is notthe
bestone.Let ustry:

X : Nat blex: b x xs: OListx

b : Nat
data onil : OListb oconsx blex xs : OListb

= OListb : ?

where
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Here,we have thatonil trivially satis esary prescribecdbound,whilst for ocons the headmustexceedthe
prescribedower boundandboundthetail in turn. Any old sortedlist cancertainlyberepresentedsanelement
of OList 0. Meanwhile,if bothinputsto merge sharealower bound,thenthe outputcertainlysharest too.

let XS;yS : OListb_
— merge xsys : OListb
merge XS ys ( recxs
merge onil ys ) ys
merge (oconsx blex xs9 ys ( recys
merge (oconsx blex xs9 onil ) Xs
merge (oconsx blex xs9 (oconsy bley ys9
order xvy

lexley ) oconsx blex (merge xs°(oconsy xley ys9)
geylex ) oconsy bley (merge (oconsx ylex xs9 ys9

Eachinputlist alreadysatis estheboundrequiredfor the output,sotheonil casesaretrivial. Whenwe have
two oconses,we know both headssatisfy the lower bound,but whichever we pick mustboundthe recursve
merge . Hence we hadbetterpick the smallerone—theevidencewe getfrom order is exactly whatwe need
to shawv thatthelist which keepsits headsatis esthe newertighterbound.

Now we can atten a DealT into a sortedlist. This givesusanew backendwhich we cancomposewith the
olddealT to getasortwhich producesortedoutput:

let t : DealT Nat
= mergeT t : OListO

mergeT t ( rect

mergeT empT ) onil

mergeT  (leafTx) ) oconsx leOonil

mergeT (nodeTplr) ) merge (mergeT 1) (mergeT r)

let _XS: List Nat

let ot xs - OListo SOt ) mergeT  deall

Remark. In theabove de nitions of merge andmergeT , all of the proofswhich we supplyin the
lists we build areeitherby le0 or by directappealto a hypothesisn scope.The proofswhich we uncover by
caseanalysisareonly usedin thisway. It seemseasonabléo considersuppressingll of themby default from
the explicit syntaxof the program.Implicit hypothesesouldbe keptin the context andsearchedvheneer an
implicit proofis required,in muchthe way thatHaslell handleghe implicit dictionarieswhenunpackingand
packingexistentialtypes.Of coursea "'manualoverride'is still necessary—nall proofsaresoimmediate.

5.3 Programming with Evidence

Theideathatonedatatypecanrepresengvidenceaboutthevaluesin anotheris aliento mainstreanunctional
programmindanguageshut its absencés beginningto causepain.A recentexperimentin “dynamicallytyped'
genericprogramming—theScrapYour Boilerplate'library of traversaloperatordy Ralf LammelandSimon
Peyton JonedLP03]—is acasein point. Thelibrary relieson a ‘type safecast' operatoyeffectively comparing
typesatruntime by comparingheir encodingsasdata:

cast .. (Typeable a, Typeable b) => a -> Maybeb
cast x =r
where
r = if typeOf x == typeOf (get r)
then Just (unsafeCoerce x)
else Nothing
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get :: Maybea -> a
get x = undefined

Here,the BooleantesttypeOf x == typeOf (get r) senesthepurposeof comparingtype a with type
b, but the Haslell typecheckr cannotinterpretthe value True asa reasonto unify types.In the absenceof
evidence,the programmersesortto coercion.We trustthem, of course but this degreeof trustshouldnot be
necessaryrhisis anexamplewherestaticdependencon dynamicdatais the solution,notthe problem.

We now work in asettingwherewe expectoperationavhich testtheirinputin someway to have adependent
type which explainswhatthe outputrevealsaboutthe input—order is a simpleexample.Without somekind
of movementbetweentermsand typesthis is impossible—youcan exploit valid data(eg., writing a type-
preservingevaluatorfor atypedexpressiorianguage) but you cannotvalidateit dynamically(eg., by writing
atypecheckr).

Traditionaldependentypesachie/e this movementdirectly—theargumentof a function canappeatin the
type of its result,andoftenwill, if theresultis evidenceof the aguments properties An alternatve, adopted
for DML's numericalindices,is to pushthe otherway with singletontypes—typesof dynamicdataconstrained
to be equalto the correspondingtaticdata.We would have somethindik e this:

order : 8x;y :Nat) Onlyx ! Onlyy ! Orderxy

Here every piece of dataaboutwhich we seekevidencemustbe abstractedwice—thetype of evidence
dependn the staticcopy, but the testingitself is performedon the dynamiccopy. In the context of DML,
this is a sensibleseparation—erasintipe indicesis intendedto yield a well typed SML program.In a broader
context, wherewe mightneedto represenpropertieof ary kind of dynamicdata,thisapproactseemsunlikely
to scale.Effectively, we may needto replaceeachtype T by the existential pairing of its staticand dynamic
copies9t : T ) Onlyt throughoubur programsjn orderto have dataat all thelevelswhereit is used.

Singletontypesthus provide a corvenientway to retro-t a more sophisticatedype systemto an existing
compilerarchitectureWith just onenotion of dataat all levels, dependentypesprovide a corvenientway for
programmergo exploit the potentialof working with dataasevidence.Our typecheckr examplein [MMO04]
notonly generategnoughevidenceaboutthetypesbeinginferredandcomparedo feedthetaglessnterpreter
it generategvidenceaboutthe programbeing checled—it is the rst typecheckr in the literaturewhich is
staticallyguaranteedo checkits input!

6. The Toolsof the Trade

Programmings a complex taskwhich canbe madeeasierfor peopleto do with the help of computersThe
conventionalcycle of programmingyith atext editorthencompilingin “batchmode'is awelcomeshorteningpf
thefeedbacKoop sincethedaysof punchedcards put it clearlyunderuseshetechnologyavailabletoday Any
typedprogrammindanguagecanbene t from the capacity—Iot not necessarilghe compulsion—tanvoke the
typecheckr incrementallyon incompletesubprogramsvhilst they areunderdevelopment.The more powerful
thetypesystemthemorepressinghis needbecomes—ijustgetsharderto doit in your head.especiallywhen
typescontaincomputationsfor which computersareinherentlyuseful.

Moreover, atypeactsasa partialspeci cationof aprogramandcanthusbe usedto narrav thesearchspace
for correctprogramsgvenif only asakey for searchinga library. The choiceof a programs typeis inherently
suggestie of the programmingstratgies with which that type is naturally equipped—construate and case
analysisor datatypesabstractiorandapplicationfor functions,andsoon. It is atragicwasteif typesplay only
apassierblein programmingproviding abasisfor errorreporting.Ourtechnologyshouldenableprogrammers
to exploit the clueswhich typesprovide.
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6.1 DependentTypesAlso Matter Behind the Scenes

Thekey innovation of Epigramis its useof typesto expresgprogrammingasksandprogrammingpatternsFor
example,the patternof primitive recursionon a datatypds expressedy aninductionprinciple, like

8P :Nat! ?)
PO! (8n%Nat) Pnll P (1+ n9Y) !
8n:Nat) Pn

Thecornventionaltype of primitive recursionmaybe shortey but it is lessinformative.
8P) P! (Nat! P! P)! Nat! P

Thistypedoesnot connectheamumentdo thetasksthey sene, whereagheinductionprincipleis adependent
type which explains that a recursve computationfor n needsa methodfor 0 and a methodfor (1+ n9).
Correspondinglythe systenmtransformsa programmingproblemsuchas

let % into a computabilityproof goal ?:8x;y : Nat) hx + y:Nati
Wereadhx + y : Nati as'x + y is computable'lf we attackthis goalwith induction,we acquiresubgoals
likethese:
?.8y:Nat) hO+ y:Nati
2 : 8x%Nat)
(8y:Nat) hx%+ y:Nati) !
8y:Nat) h(1+ x9 + y : Nati

Thesegoalstell usexactly the “left-handsides'for the subprogramsvhich therecursve stratgy requires.

By usingdependentypesto represenprogrammingproblemsandprogrammingpatternswe have acquired
aninteractve programmingervironmentfor the price of aninteractve proof system.Thebasicconstructof the
Epigramlanguagegive a ‘programming’presentationo the basictacticsof thesystemThe( construcis just
McBride's "eliminationwith amotive' tactic[McB02¢ which synthesizeanappropriateP ' parametefor ary
induction-like rule. Thejscrutinee constructs just “cut'. The detailsof the processy which Epigramcodeis
elabomatedinto the underlyingtype theory—avariationof Luo's UTT [Luo94]—are givenin [MMO04]. Edwin
Brady's compilerfor UTT, which erase®xtraneousnformationatruntime, is presentedn [Bra05.

The pointis this: UTT is not our programminglanguage—UTTis our languagefor describinghow pro-
grammingworks. Epigramhasno hard-wiredconstructfor constructorcaseanalysisor constructoiguarded
recursion—thesarejust programmingpatternsspeci ed by type andsuppliedasstandardvith every datatype
you de ne. However, UTT typesare Epigramtypes,soyou arefree to extendour languageby specifyingand
implementingyour own patterns.Our typecheckingexamplein [MMO04] is a derived caseanalysisprinciple
for expressionsgxposing not their syntax,but their typesor type errors.By making programmingpatterns

rst-class citizensvia dependentypes,we raisethelevel of abstractioravailableto programmersndprovide
interactve supportfor its deploymentatasinglestrole.

6.2 Programming Interactively

Theinterfaceto Epigramis inspiredby the Alf proofeditor[MN94], whichintroducedatype-directedstructure
editor for incompleteprograms.In Epigrams concretesyntax,a shed [ raw text ] may standin for ary
sube&pressionThe elaboratoiis not permittedinsidea shed sothetext it containsmay be editedfreely. There
aretwo basicediting moves—remuwing the bracletsto admitthe elaboratorfwhich will processasfar asary
nestedsheds)and placing braclets aroundan elaboratedsubeapressionto “undo' it andreturnit to a shed.
Correspondinglythefull spectrunof interactvity is supportedanentireprogramcanbewritten (or, moreto the
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point, reloaded)nsidea shedthenelaboratedn "batchmode’; or asinglesyntacticconstructanbeelaborated,
with sheddor subexpressionsThe advantagesf structureediting areavailable,but the disadwantagesarenot
compulsory

Theinteractve developmentof a programis a kind of dialogue.The systemposesthe problems—thdeft-
handsidesof programsWe supplythesolutionsby lling in theright-handsides eitherby directly giving the
programs output) t, or by invoking a programmingpatternwhich reducesheproblemto subproblemsvhich
arethenposedn turn. Thereis adirectmappingfrom sheds [ ] in sourcecodeto metavariables,?x in the
underlyingproof state—wheryou elaboratea shed,your codetriggersa re nementof the proof state,andthe
resultingre nementto the sourcecodeis readoff from thetypesof the subgoalsNothingis hidden—theoroof
stateis recorerablefrom the sourcecodesimply by re-elaboratingt in a singlestep.

Our approachto metavariablesbasicallyfollows McBride's OLEG system[McB99]—metavariablesrepre-
sentnot only the missingcontentsof shedsput alsoall the unknavns arisingfrom implicit quanti cation. The
latterareresohed, wherepossible py solvingthe uni cation constraintavhich ariseduringtypechecking—we
follow Dale Miller's “mixed pre x' approacHMil92]. Epigramwill not guessthe type of your program,but
it will infer the bits of your programwhich the type determinesThe Damas-Milnerapproachto type infer-
ence[DM82] is alive andwell andworking harderthanever, eventhoughwe have dispensedvith the shackles
on programmingwvhich allow it to be complete.

7. Further Work

We have hardly started.Exploiting the expressiity of dependentypesin a practicableway involves a wide
rangeof challengesn the developmentof the theory the designof languagethe engineeringof toolsandthe
pragmaticof programmingln this sectionwe summarizgust a few of them.

First-Class Modules. No programminganguagecansucceedvithout strongsupportfor the large-scale
engineeringf systemsDependentype systemslreadyallow usto expressrecordtypeswhich packup data
structurespperationover them—andalsoproofsof the propertiesof thoseoperationsManifestrecordtypes,
which specifythevaluesof someof their elds, canbeusedo expresssharingbetweenrecordsandbetweerthe
the inputsandoutputsof record-transformingperationgPol0(. Epigrams rst-class notion of programming
patternallows an abstracidatatypeto offer admissiblenotionsof patternmatchingwhich hide the actualdata
representatiobut areguaranteedb befaithful to it—we have Wadlers viewsfor free [Wad87.

We now needa practicaltheory of subtypingto deliver a suitableform of inheritance,anda convenient
high-level syntaxfor working with records.Our elaboratiormechanismaturallylendsitself to the approach
of coecive subtyping wheresubsumptionsn sourcecodeelaborateo explicit coercionfunctions—typically
projections—irtheunderlyingtheory[Lu097).

UniversePolymorphism.  Whatis thetypeof types,andhow do we quantify over themsafelyandconsis-
tently?In [MMO04], we follow the predicativefragmentof Luo's ExtendedCalculusof ConstructiongLuo9(Q],
installinga cumulatve hierarchyof universes?o; ?1; : : : eachof which bothinhabitsandembedsn thenext, so
that?; : 241 holdsandT : ?; impliesT : ?j+1 . As HarperandPollackhave shavn [HP91], theuserneednever
write a universelevel explicitly—the machinecanmaintaina graphof relative level constraintsand protestif
ary constructiorinducesacycle.

This muchis certainly safe,andit allows every typeto nd its own particularlevel—this is calledtypical
ambiguity Thetroubleis that,asthingsstandthereis no satisactorywayto de ne datatypeconstructorsvhich
operateat every level—thisis calleduniveise polymorphismA simpleexampleshavs up if we have alist Ts
of elementypes,andwe wantto constructhe correspondindjst of list types

map ListTs

Thetypesin Ts live onelevel belav thetypeof Ts, sowe needList to operateat bothlevels. Therehasbeen
somevery promisingtheoreticalwork in this areaCLO1, Cou03 but again,a clearandcorvenientdesignhas
yetto emege.In theinterim, we have adoptedhe cheapbut inconsistenfudgeof taking? : 2.
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Genericsand Re ection.  Any functionT : U ! ? naturallyre ects a sublanguager univeise of
types—thosayivenby T u. We canthink of u asthe ‘name'of atypein theuniverse.lf U happengo be a
datatypewe canwrite genericprogramswhich work for all the typesnamedby a valueu. PerhapdJ is the
type of regularexpressionandT computedor eachregularexpressiorthetype of its words,yielding regular
expressiontypes[HVPOOQ]. Perhapd) represents collectionof datatypesvith a decidableequality

eq:8u:U;x;y:Tu) x=y_x6y

PeterMorris hasrecentlyimplementedexactly sucha genericequalityin Epigramfor the universeof regular
types[Mor05]. Dependentlytypedgenericprogrammings alively researctarea] AM03, BDJ03, inspiredby
the pioneeringwork on genericsn Haslell [BJIJM98 HJL04, CHJ" 01].
Alternatively, perhapsouruniverseU represents classof decidablgoropositionsgquippedwith adecision
procedure
decide : 8u:U ) Tu_Tu! ?

Sucha procedurecould be usedto extend the elaboratos capacityto solve simple proof obligationsand
equationalconstraintsautomatically following the lead of DML [XP99], but without wiring a particular
constraintdomaininto the languagedesignand the compiler However, to malke this work corveniently we
needlanguagesupportfor the declarationof universeg(U ; T ) whereU re ects a given classof typesand T
is invertible by constructiongnablingthe elaboratorto infer the appropriateu : U wheninvoking a generic
operation.

Observational Type Theory. Thetype of equality proofsusedin an intensionaltheorylike Epigrams
underlyingType Theory is incorvenientwhenworking with in nite objectslike functiontypesor lazy lists (co-
data).We planto overcomethis restrictionwithout affectingthe decidabilityof type checkingby implementing
anObservationallype Theorybasedon [Alt99, Hof95].

Monadic interfacesto the realworld. A dependentlytypedlanguageoffersthe opportunityto develop
theideaof monadiclO further Sucha monadicinterfacecomesin two guises:a static,denotationakemantics
which canbe usedto reasonaboutthe programsandan operationakemanticsyhich is emplged at runtime.
This approachs not only relevantfor 10, basedon [Cap0§ we candevelop a partiality monadwhich allows
usnotonly to implementbut alsoreasoraboutgenuinelypartial programdik e interpretersor programson the
computableeals.

Refactoring.  Epigrams re nementstyle of editing supportsthe processof working from typesto pro-
grams,but it doesnot help with theinevitable iterationsof the designcycle, asour plansevolve. Indeediit is
quite normalto build up theindex structurefor ourin layers,aswe did for our sort example.Our interactve
editing technologyshouldsupporttheseprocessalso, allowing us to experimentat pushingdifferenttype re-
nementsthroughour programsWe shouldbe ableto try out the optionswhich gave rise to the “openlower
bound'choicefor sortedlists.

More generally we canseekto emulateexisting tools for refactoringevolving the designof datastructures
andprogramgLRTO03], now in the context of a systemwhich supportancompleteobjects.Thereis plenty of
scopeto develop tools which really re ect the way most programmerswork, iteratvely improving program
attempts—goodideasoftencomeabit atatime.

8. Conclusions

This muchis clear: mary programmersare already nding practicalusesfor the approximantgo dependent
typeswhich mainstreanfunctionallanguagegespeciallyHaslell) admit, by hook or by crook. From arrovs
andfunctionalreactve programmingHugO05, Nil05], throughextensiblerecordKLS04], databasg@rogram-
ming [BHO4] and dynamicweb scripting[Thi02] to codegeneratior[BS04], peopleare “fakingit' ary way
they canto greateffect. Eachlittle stepalongthe roadto dependentypesmalesthe taska little easierthe
codea little neaterandthe next improvementa little closer:the arrival of GADTs in Haslell is a joy anda
relief [PWWO04].
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Now is thetimeto recognizehedirectionof thesedevelopmentsandpursuet by designnotdrift. In thelong
term, thereis a greatdealmorechaosandconfusionto befearedfrom fumbling throughtodays jungle of type
classProlog,singletonsandproxiesthanfrom adependentype systemwhosecoreruleshave beenwell studied
and t onthebackof anervelope.The Epigramprojectis our attemptto plunderthe proof systemsasedon
Type Theoryfor the technologythey canoffer programmersilt is alsoa platform for radicalexperimentation
withoutindustrialinertia—anattemptto discover in which waysdependentypesmight affect the assumptions
uponwhich mainstreanfunctionallanguagedesignshave beenpredicatedWe arehaving alot of fun, andthere
is plentyof fun left for mary moreresearcherdut we do not expectto changehe mainstreanovernight.What
we canhopeto dois contrilute aresourceof experiments—successfar otherwise—tahis designprocess.

More technically whatwe have tried to demonstratéereis thatthe distinctionsterm/type,dynamic/static,
explicit/inferredarenolongernaturallyalignedto eachotherin atypesystemwhichrecognizesherelationships
betweenvalues.We have decoupledhesedichotomiesandfound a languagewhich enableaisto explore the
continuumof pragmatismand precisionand nd new sweetspotswithin it. Of coursethis continuumalso
containsopportunitiesor remarkableuglinessandcorvolution—onecannever legislateagainstaddesign—
but that is no reasonto tossaway its opportunities Often, by bringing out the ideaswhich lie behindgood
designshy expressinghethingswhich matter dependentypesmake dataandprogramst better
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